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Abstract : Let fc be a field of characteristic p > 0. Call a finite group G a poco group 
over k if any finitely generated cohomological Mackey functor for G over k has polynomial 
growth. The main result of this paper is that G is a poco group over k if and only if the 
Sylow p-subgroups of G are cyclic, when p > 2, or have sectional rank at most 2, when 
p^2. 

A major step in the proof is the case where G is an elementary abelian p-group. In 
particular, whenp = 2, all the extension groups between simple functors can be determined 
completely, using a presentation of the graded algebra of self extensions of the simple 
functor S'^, by explicit generators and relations. 
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1. Introduction 

This paper addresses the question of the cohomology and rate of growth of 
cohomological Mackey functors for a finite group G over a field k. The three 
main results are the following : 

1.1. Theorem : Let G he a finite group and k he a field of positive 
characteristic p. Then the following conditions are equivalent : 

1. Every finitely generated cohomological Mackey functor for G over k has 
a projective resolution with polynomial growth. 

2. Let S he a Sylow p-suhgroup of G. Then S is cyclic if p > 2, or S has 
sectional 2-rank at most 2, if p = 2. 

The key argument in the proof of this theorem is a reduction to the case 
where G is an elementary abelian p-group. The case of elementary abelian 
2-groups can be described quite completely : 

1.2. Theorem : Let G = (C2)'" he an elementary abelian 2-group of 
rank m, and k he a field of characteristic 2. Let M^(G) denote the category 
of cohomological Mackey functors for G over k. Let denote the simple 
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cohomological Mackey functor defined by 

Then the algebra Extj^c(Q)(S'f , S'f ) is finitely generated by elements of de- 
gree 2, and its Poincare series 



Pit) = 5^dim,Ext;.(^)(^f,^f) t^ 



is equal to 

Pit) 



[1 - - 3t2)(l - 7t2) ... (1 - (2™"1 - l)t2) ■ 



1.3. Theorem : Let G = (6*2)"^ be an elementary abelian 2-group of rank m, 
and k be a field of characteristic 2. Then the algebra E = Ext^c(-(^-)(S'^, Sf) 
admits the following presentation : 

• The generators 7^;, of degree 2, are indexed by the elements x o/G— {0}. 

• The relations are the following : 

1. Whenever H is a subgroup of index 2 of G, 

2. For any distinct elements x and y of G — {0}, 

[lx+7y,lx+y] = , 

where [a, b] = ab + ba denotes the commutator of two elements a 
and b in E. 

1.4. This paper is divided in two parts : the first one focuses on complexity, 
and the second one on cohomology. Section [2] of Part I quickly recalls the 
definitions and basic results on the rate of growth of a module for a finite 
dimensional algebra over a field. In Section [31 the categories of cohomological 
Mackey functors are introduced, from different points of view, which are 
equivalent thanks to Yoshida's theorem. Next some functors associated to 
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bisets between categories of cohomological Mackey functors are defined, with 
nice adjunction properties. In Section HI it is shown how to reduce the 
question of complexity of cohomological Mackey functors for a finite group G 
over a field of characteristic p to the same question for a Sylow p-subgroup 
of G. Section [5] exposes a sketch of the proof of Theorem I l.li In Sections El [3, 
and [HI some simple cohomological functors and extensions between them 
are discussed. In Section [HI the case of cyclic p-groups is recalled from Samy 
Modeliar's thesis ([7]). In Section [10], the case of elementary abelian p-groups 
is settled, and Section [TT] handles the case of 2-groups with sectional 2 rank 
(at most) equal to 2. 

The first section of Part II states further results on extensions of simple 
cohomological functors for elementary abelian p-groups. This leads to the 
proof of Theorem II. 3^ in Section [T31 In Section [Hj, a similar partial result 
is stated, for p = 3, which is conjectured for any odd prime p. Finally, Sec- 
tion [15] exposes some results on extensions of simple functors for an arbitrary 
finite p-group G, which show in particular how to reduce the computation 
of these extensions to the computation of self extensions for simple functors 
indexed by the trivial subgroup of some subquotients of G. 

Acknowledgments : I wish to thank the MSRI, where this work was com- 
pleted during my stay there for the program on Representation Theory of 
Finite Groups and Related Topics, in spring 2008. I also thank Dave Benson 
for stimulating conversations about all this. 

I - Complexity 
2. Polynomial growth 

2.1. Definition : Let A he a finite dimensional (unital) algebra over a 
field k. A finitely generated A-module M is said to have polynomial growth 
if there exists a resolution 

P,: ^Pn-^Pn-l >Po-^M^O 

of M by projective A-modules, and constants c, d and e such that 

\fn e N, dimfc P„ < en"* + e . 
The module M is said to have exponential growth if for any projective reso- 
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lution P^: of M, there are constants c, d, and e, with c > and d > 1, such 
that 

Vn e N, dinife P„ > cd" + e , 

The module M is said to have intermediate growth if M has neither polyno- 
mial nor exponential growth. 

2.2. Remark : If is a generating set of M as an A-modulc, then there is a 
surjective map of yl-modules A^^^ — > M. In particular, the projective cover 
of M has dimension at most ddinifcAf, where d — dim^A. By induction, 
this shows that there exists a projective resolution as above such that 

dimfe Pn<{d- ly-^ddimk M . 

In particular, this dimension is always bounded by some exponential function 
of n. 

2.3. Lemma : Let A he a finite dimensional algebra over a field k, and M 
he a finitely generated A-module. 

1- If 

>Pn^Pn-l >Po^M^Q 

is a minimal projective resolution of M, then 

P ~ a^ pdimfeExt:i(M,5)/dimfeEndA(S) 
-fn — W iQ , 
S'elrr(A) 

where Irr(yl) is a set or representatives of isomorphism classes of simple 
A-modules, and Ps denotes a projective cover of S . 

2. In particular M has polynomial growth if and only if for any simple 
A-module S, there exists constants c, d and e such that 

Vn e N, dimfe Ext^(M, S) < cn'^ + e . 



Proof : Assertion 1 follows by decalage from the case n — 0, and from the 
fact that the largest semisimple quotient of M is isomorphic to 

^ gdimk Ext^i (M,5) / dimfc EndA (S) 
Selrr{A) 

Assertion 2 is a straightforward consequence of Assertion 1, since there are 
finitely many simple A-modules, up to isomorphism. □ 
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2.4. Remark : In particular, if M has polynomial growth, then any direct 
summand of M has polynomial growth. 

Conversely, the class of modules with polynomial growth is closed under 
extensions. More precisely : 

2.5. Lemma : Let A he a finite dimensional algebra over a field k. 

is an exact sequence of finite dimensional k -vector 

spaces, then 

dimfc M < dimk L + dim^ N , 
with equality if and only if f is infective and g is surjective. 
2. Let 

— > L — > M — ^ N — ^0 

be a short exact sequence of finitely generated A-modules. If two of the 
modules L, M, and N have polynomial growth, so does the third. 

Proof : For Assertion 1, there is a short exact sequence 

— >lmf — > M — >luig — >0 , 

hence dim^ M = dim^ Im / + dim^ Img < dim^ L + dim^ A^. Equality holds if 
and only if diuik Imf — dim^ L and dim^ Im g — dim^ N, i.e. if / is injective 
and g is surjective. 

For Assertion 2, let 5" be a finitely generated A-module. Consider the 
long exact sequence of Ext-groups 

> ExfXiN, S) ExfXiM, S) Extl{L, S) Ext:^+^(Ar, S) ^ ■ ■ ■ 

It follows from Assertion 1 that 

dimfc Ext;^(M, S) < dimfc ExC^iN, S) + dim^ Ext^(L, S) , 

hence if L and N have polynomial growth, so does M. Similarly, 

dimfc Ext^(A^, S) < dimfe Ext^(M, S) + dim^ Ext^-^(L, S) , 

It follows that N has polynomial growth if L ands M have. Finally, 

dimfe Ext^(L, S) < dimfe Ext^(M, S) + dim^ Ext^+^ (N, S) , 

hence L has polynomial growth if M and A^ do. □ 
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2.6. Corollary : Let A be a finite dimensional algebra over a field k. The 
following conditions are equivalent : 

1. Every finitely generated A-module has polynomial growth. 

2. Every simple A-module has polynomial growth. 

Proof : Obviously Condition 1 implies Condition 2. The converse follows by 
induction on the length of a finitely generated A-module. □ 



3. Cohomo logical Mackey functors 

3.1. Definition. Let R denote an arbitrary commutative unital ring. 
Recall that A Mackey functor M for G over R consists of the assignment 
H ^ M{H) of an i?-module to each subgroup H of G, together with maps 
of i?-modules 

: M{H) — > M{K) , 

called transfer maps, and 

rf : M{K) — > M{H) , 

called restriction maps, whenever H < K < G, and maps of R modules 

c,,H : M{H) MCH) , 

for each x G G, subject to a list of compatibility conditions, in particular 
the Mackey formula (cf. [9] for details). A Mackey functor M is called 
cohomological if the additional conditions 

= \K : H\ldMiH) 

are fulfilled, for any H < K < G. 

There is an obvious notion of morphism of (cohomological) Mackey func- 
tors, and this yields the category M^(G) of cohomological Mackey functors 
for G over R. 

3.2. Example (fixed points functors) : In particular, when V is an RG- 
module, then the fixed point functor FPy is the Mackey functor defined by 
FPv{H) = , i.e. the set of elements of V which are invariant by H. When 
H < K < H, the transfer map — > is the relative trace map Tr;^, 
defined by 

x(i[K/H] 
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for any v G , where [K/H] is a transversal of H in K. The restriction 
map — > is the inclusion map, and for a; G G, the conjugation map 
— > V"^^ is the map v ^ xv. The functor FPy is obviously cohomologi- 

cal. 

The correspondence V ^ FPy is a functor from i^G-Mod to M^(G). This 
functor is fully faithful : if V and W are i?G-modules, then any morphism 
ip : FPy FP\Y in M^(G) is equal to -F-P/, where / is the morphism of 
i?G-modules from V = FPv{l) to W = FPw{l) obtained by evaluating ip 
at the trivial subgroup of G. 

3.3. The cohomological Mackey algebra. It was shown by Thevenaz 
and Webb (cf. [9]) that M^(G) is equivalent to the category of modules over 
the cohomological Mackey algebra co^r{G) for G over R. More precisely, 
if M is a cohomological Mackey functor for G over i?, then the corresponding 
co/i ij(G)-module is equal to © M(H). 

H<G 

The algebra cohr{G) is a finitely generated free i?-module, so in particular 
when i? is a field, it is a finite dimensional i?-algebra. In this case, there is 
a natural notion of projective cover of a finitely generated co/iR(G)-module, 
hence a natural notion of minimal projective resolution of a cohomological 
Mackey functor. 

3.4. Yoshida's theorem. Let perm^(G) denote the full subcategory of 
the category i?G-mod of finitely generated -RG- modules, consisting of permu- 
tation i?G-modules, i.e. modules admitting a (globally) G-invariant i?-basis. 
It is an i?-linear category, which is naturally equivalent to the opposite cate- 
gory : indeed, the dual V* = Homjiiy, R) of a finitely generated permutation 
i?G-module is again a finitely generated permutation _RG-module, and the 
correspondence S : V ^ V* is an equivalence of categories from permj:j(G) to 
perm^(G)°^, which is its own inverse (up to a slight abuse of notation). 

When M is a cohomological Mackey functor for G over R, then the cor- 
respondence 

V ^}iomM'^^(^G){FPv,M) 

is an i?-linear contravariant functor M from perm^(G) to i?-mod. This yields 
in turn an i?-linear functor M i-^ M from M^(G) to Fun^(G), where FunK(G) 
denotes the category of i?-linear contravariant functors from permj^(G) to 
i?-mod. 

Conversely, if F is such a functor, and H is a subgroup of G, one can define 
F{H) = F{R{G/H)), where R{G/H) is the free i?-module with basis the 
G-set G/H of iJ-cosets in G. li H < K < G, then the projection map : 
G/K — > G/H gives a map of i?G-modules Rp^ : R{G/K) — > R{G/H), 
and taking image by F gives a transfer map t^ = F{p^) : F{H) — > F{K). 



7 



Similarly, applying first the equivalence 6 gives a map = F(^5{Rp^)) : 
F{K) — > F{H). Finally, if x G G, then the map g^H gxH induce a 
map R{G/^H) — > R{G/H), whose image by F yields a conjugation map 
Cx,H '■ F{H) — > F(^H). With these definitions F becomes a cohomological 
Mackey functor for G over R, and the correspondence F i— F is a functor 
from Fun/j(G') to M^(G'). The following theorem is essential : 

3.5. Theorem : [Yoshida [10]] The functors M ^ M and F F are 

mutual inverse equivalences of categories between M|^(G') and fur\R{G). 

3.6. Remark : One checks easily that if V is an i?G-module, then the 
functor FPy is mapped to the functor Homj:jG'(— , V") by this equivalence. 
For this reason, this functor will also be denoted by FPy. More generally, 
Yoshida's equivalence allows for an identification of M^(G') with FunR(G), 
that will be used freely throughout the rest of this paper. 

3.7. Remark : In particular, if is a permutation module, then the 
Yoneda functor FPy = Hompermfl(G)(~) V) is a projective object in Fun/j(G). 
More precisely, if M is a cohomological Mackey functor for G over R, and H 
is a subgroup of G, there is an isomorphism of i?-modules 

(3.8) HomM^(G)(i"PR(G/H),M) = M(i7) . 

It follows more generally that if is a direct summand of a permutation RG- 
module, then the functor FPy is a projective object in M^(G'). Thevenaz and 
Webb (cf. [S]) have shown conversely that any projective object in M^(G) 
is isomorphic to FPy, where V is a. direct summand of a permutation RG- 
module. 

3.9. Remark : It also follows that the category Funn^G) is equivalent to 
the category of modules over the Hecke algebra 

YR{G)=EndRG{ © R{G/H)) . 

H<G 

One can show easily that this algebra is actually isomorphic to the cohomo- 
logical Mackey algebra co^r{G) (cf. |4j). The Yij(G) -module corresponding 
to the object F of Funn^G) (resp. to the cohomological Mackey functor M 
for G over R) under these equivalences, is equal to © F(R(G/H)) (resp. 

H<G 

to © M{H)). In particular F is finitely generated (resp. M is finitely gen- 

H<G 

erated) if and only if F{W) is a finitely generated i?-module, for any finitely 
generated permutation i^G-module W (resp. M{H) is a finitely generated 
i?-module, for any H < G). 
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3.10. The dual of a Mackey functor. If M is a Mackey functor for G 
over R, then the dual Mackey functor M* is defined by 

\/H<G, M*(G) = Hom^(M(G),i?) . 

The transfer, restriction, and conjugation maps for M* are defined by 

for any H < K < G and any x G G, where the exponent r denotes transposed 
maps. 

If M is cohomological, then M* is also cohomological. Through the equiv- 
alence given by Yoshida's Theorem 13.5^ this duality maps the functor F of 
FunR(G') to the functor F* defined as the composition 

perm^(G') perm^(G')"P i?-Mod R-Mod^^ . 

3.11. Remark : The correspondence M M* is a functor from M^(G') 
to the opposite category. The canonical morphism from M to its bidual 
(M*)* is functorial in M, and it is an isomorphism when i? is a field k 
and M is finitely generated. In other words, the correspondence M i— > M* 
induces an equivalence from the category of finitely generated cohomological 
Mackey functors for G over k to the opposite category. Thus, for any finitely 
generated cohomological Mackey functors M and N for G over k, there is a 
natural isomorphism 

HomMc(G)(M,iV) = HomMC(G)(iV*,M*) . 

The functor M is a finitely generated projective object in M^(G) if and only 
if M* is a finitely generated injective object in M^(G), and the previous 
isomorphism extends to natural isomorphisms 

Ext;^.(c)(M,iV)-Ext^.(G)(iV*,M*) , 

for any n G M. 

3.12. Construction of functors. Let G and H be finite groups. If U is 
a finite {H, G')-biset consider the i?-linear functor 

tu -.V ^ RU O/jG V 

from RG-mod to RH-mod maps permutation i?G-modules to permutation 
i?i7-modules. By composition, this induces a functor 

Lu : F F otu 
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from Fun/j(if) to Fun/j(G). Since the right adjoint to the functor tu is the 
functor 

hu:W ^ RomRHiRU^W) , 
it follows from standard results of category theory that the functor 

Ru : F Fohu 
from FunR(G) to Funn^H), is right adjoint to Lu- 

3.13. Remark : The functors Lu and Ru are a generalization of functors 
considered by Tambara (see [8] Section 4). 

3.14. Proposition : 

1. Let G and H be finite groups, and U be a finite [H, G)-biset. Then the 
functors Ru and L[/ are exact. 

2. Let G and H be finite groups. IfU andU' are isomorphic finite {H,G)- 
bisets, then there are isomorphisms of functors Lu = Lw and Ru = Ru'- 

3. Let G, H , and K be finite groups. Let U be a finite {H, G)-biset, and V 
be a finite {K, H)-biset. Then there are isomorphisms of functors 

Ry oRu = RvxhU , Lf/ o Ly = \-VxhU ■ 

4. Let G be a finite group, and let Idc denote the identity biset for G, i.e. 
the set G for its {G,G)-biset structure given by multiplication. Then 
the functor and Ruq ^'^c isomorphic to the identity functor. 

5. Let G and H be finite groups. If U and U' are finite {H,G)-bisets, 
there are isomorphisms of functors 

\-uuu' — \-u ® L[// , Ruuu' — Ru ® Rt/' • 

6. Let G and H be finite groups, and U be a finite {H, G) -biset. Then for 
any object F of Fuur^G) , there is an isomorphism 

RuopiF)* = 

in Fitr\R{H), which is functorial in F. 

Proof : Assertion 1 is obvious, since the functors Ru and \-u are obtained by 
pre-composition with some functor (in other words, they are both restriction 
functors along a suitable functor). 
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Assertion 2 is a consequence of the isomorphisms of functors tu = , and 
hu = hu>, which both follow from the isomorphism RU = RU' of {RH, RG)- 
bimodules. 

For Assertion 3, the associativity of tensor product gives an isomorphism 
of functor 

ty o t;7 = tvxnU , 

which by adjunction, gives the isomorphism of functors 

The isomorphisms of Assertion 3 follow by composition. 

Assertion 4 follows from the fact that the functors tid^ and tidg are both 
isomorphic to the identity functor. Similarly, Assertion 5 follows from similar 
additivity properties of the functors tu and hu with respect to U. 

For Assertion 6, let W be an object of perm^(G). Then 

Ruov{Fy{W) = Romii{Ruop(F){W*),R) 

= Romn (f (Hom^c {RU"^, iiomn{W, R))),r) 

^ }iomR(^F{}lomR{RU^RGW,R)),R^ 
= lu(F*){W) , 

and these isomorphisms are functorial with respect to W. □ 

3.15. Proposition : Let G and H he finite groups, and U he a finite 
{H, G)-hiset. 

1. IfV is an RH -module, then 

Lu{FPv) = FPiiomii„{RU,V) ■ 

In particular, the functor Lu maps projective ohjects to projective oh- 
jects. 

2. If G acts freely on U , then Lu = Ru°p, where denotes the opposite 
hiset of U . 

Proof : For Assertion 1, there is an isomorphism of functors 

Hom^G(-, ^ovdRHiRU, V)) ^ RouiRHiRU ^rg -, V) . 
In other words FPy otu = FPaomRHiRuy)- 
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The last part of Assertion 1 follows from the facts that if V is a per- 
mutation RH-module, then }iomjiH(RU, V) = hu{V) is a permutation RG- 
module. An alternative proof consists in observing that since Lu is left adjoint 
to an exact functor, it maps projective objects to projective objects. 

For Assertion 2, for any i?G-module W, there is an isomorphism of RH- 
modules 

RU^rgW ^liomRG{RU"^,W) , 

defined by sending u^w, for u E U and w E W, to the map sending v G U"^ 
(recall that U — as a set) to gw, if there exists an element g E G such 
that V — ug~^ (and in this case there is a unique such g, since G acts freely 
on [/), and to otherwise. This isomorphism is obviously functorial in W, 
and this completes the proof. □ 

3.16. Proposition : LetG and H he finite groups, andU he a finite {H,G)- 
biset. Then for any n E N, the adjunction of the pair {Lu, Ru) induces an 
isomorphism of bifunctors 

E<un,(G)(L^(-),-) =E<un«(^)(-,Rt/(-)) • 



Proof : This follows from the fact that Lu and Ru are both exact functors. □ 

3.17. Remark : In terms of Yoneda extensions, this isomorphism can be 
viewed as follows : the adjunction of the pair (L^/, Ru) is equivalent to the 
existence of natural transformation of functors 

T] : Id — > Ru o Lu and s : Lu o Ru — > Id , 

called respectively the unit and counit of the adjunction, with the property 
that for each object M in funji{G) and each object N in funji{H), 

£lu{n) ° \-u{Vn) = IdifKiv) and Ru{eM) °VRu(m) = IdRy(Af) . 

The bijcction }iomf:^^j^(^G){\-u{N), M) — > HomFunfl(H) (A^, Rc7(^^)) is given 
hy a ^ Ru(<^) ° Vn- The inverse bijection is given by /? i-^ Em ° L(/?). 

In other words, these bijections consist in taking images by one of the 
functors, and then compose on the suitable side with unit or counit. 

Now interpreting the extension group Extp^^^^^,^) (L[/(A^), M) a the set of 
equivalence classes of exact sequences in Funi^(G) of the form 

^Xn-i > -Xi -Xo ^lu{N) >0 , 
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the procedure is the same : first apply the functor R;7(— ), to get an exact 
sequence 

^ Ru{M) Ru{X^-i) ^ • • • ^ R[/(Xi) ^ RuiXo) Ru o lu{N) , 

and then compose with the map rj^, i.e. complete the cartesian square at 
the right of the following diagram 

Rc/(Xi) ^ Ru{Xo) Ru o lu{N) 

Vn 

RuiXi) -Fo -iV -0 . 

The inverse bijection is obtained similarly by first applying the functor L[/, 
and composing with the map Em, i-e. completing a cocartesian square at the 
left of the resulting diagram. 

3.18. Remark : It follows easily that the isomorphisms of functors 

a„:Ext^,„^(^)(Lc;(-),-) ^Extp,„^(^)(-,R^(-)) . 

of Proposition 13. 16^ are compatible with the Yoneda product, in the following 
sense : if P is an object of Fun^(iJ), and if M and are objects of Fur\ji{G), 
if e G Ext^^,„^(G)(U(P),iV) and / G Ext^,„^(c)(iV, M), then 

Om+nif ° e) = Ruif) o a„(e) G Ext^^^^^^ (P, R^(M)) . 

3.19. Example (induction and restriction) : Let G be a subgroup of H. 
Set U = H, viewed as an {H, G)-biset by left and right multiplication. Then 
the functor V ^ RU ^rg V from PG-mod to RH-mod is isomorphic to the 
induction functor V i— > Ind^l^. It follows that the functor Lu is isomorphic 
to the restriction functor Resg : Mj^(H) — > M^(G) in this case. 

In the same situation, the functor W ^ HompiHiRU, W) from RH-mod 
to PG-mod is isomorphic to the restriction functor Resg. It follows that the 
functor R^ is isomorphic to the induction functor Ind^ : M^(G) — > M^(P). 

3.20. Example (restriction and induction) : Suppose now that H is 
a subgroup of G, and consider U = G as an {H, G)-biset by left and right 
multiplication. Then the functor V ^ RU ®rg V from PG-mod to PP-mod 
is isomorphic to the restriction functor V t-^ Res^V^. It follows that the 



^ Rc/(M) ^ RuiXn^i) ^ • • • ^ 
^ Ru{M) Ru{Xn-i) 
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functor is isomorphic to the induction functor Ind^ : Mj^{H) — > M^(G) 
in this case. 

In the same situation, the functor W t— > }lomiiH{RU,W) from RH-mod 
to i^G-mod is isomorphic to the induction functor Res^. It follows that the 
functor Ru is isomorphic to the induction functor Ind^ : M^(G') — > M^(if). 

This yields another proof of the well known fact that the induction and 
restriction functors between categories of cohomological Mackey functors are 
left and right adjoint to each other (cf. [9J for details). 

3.21. Example (the functor p^/^) : Let H he a finite group, and be 
a normal subgroup of H, and set G = H/N. Also set U = G, viewed as an 
{H, G')-biset in the obvious way. In this case, the functor tu is the inflation 
functor from RG-mod to RH-mod. Using the equivalences of categories of 
Theorem 13.51 the functor L[7 gives a functor denoted by p^/^, from M^(iJ) 
to M'j^{H/N). One checks easily that if M is a cohomological Mackey functor 
for H over R, then, denoting hj x ^ x the projection map H — > H/N 

{p''h/n{M)){K) = M{K) . 

Similarly, the transfer, restriction, and conjugation maps for the functor 
p^^j^{M) are obtained by just "removing the bars", i.e. 

The right adjoint to p|^/^ is the functor R(/, hereafter denoted by J^/^. 

Moreover Assertion 3 of Proposition 13.151 shows that the functor p^/^ is 
also equal to the functor Rf/op. In particular, the left adjoint to P^/at is the 
functor L[/op, hereafter denoted by ^^/Af- 

3.22. Example (the functor : The left adjoint to the functor p%i^ 
will be denoted by It is obtained as follows : if M is a cohomological 
Mackey functor for G/N, and is a subgroup of G, then 

{t$/^iM))iK) = MiKN/N) . 

If K < L < G, then the transfer, restriction, and conjugation maps for the 
functor z^^^(M) are given by 

tK = \LnN : Kf] N\t^^JJl^ , = r^^J^^^ , c^,k = c^n,kn/n ■ 
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3.23. Example (the functor J^/^v) : The right adjoint to the functor p^jj^ 
will be denoted by j^/jy- obtained as follows : if M is a cohomological 
Mackey functor for G/N, and if is a subgroup of G, then 

{£/^iM))iK) = MiKN/N) . 

If K < L < G, then the transfer, restriction, and conjugation maps for the 
functor j^y^(M) are given by 

,L _ ,LN/N L _ \ T AT AT\ LN/N _ 

''K — '^KN/N ' ''^iC ~ 1-^ ' ' ■ -'^ ' ' r i^iV/AT ' Cx,K — CxN,KN/N ■ 



3.24. Remark : The functors z^^^ and j^/^y should not be confused with 
the inflation functor Inf^^^ : recall (cf. p|) that if is a normal subgroup 
of a finite group G, and M is a Mackey functor for G/N over R, then the 
functor Infgy^M is the Mackey functor for G over R defined by 

The transfer, restriction, and conjugation maps are the obvious ones. In 
general, this inflation procedure does not preserve cohomological Mackey 
functors : indeed, if M is cohomological, and if K < H are subgroups of G 
such that H > N but K ^ N, then the composition 

tfrf : (Infg/^M)(if) ^ (Infg/^M)(ii) 

is equal to 0, so it is not equal in general to the multiplication by \H : K\. 

However, if is a p-group, for some prime number p, then p divides 
li^'A^ : K\ = \N : K n N\, hence p divides \H : K\. If moreover R has 
characteristic p, then \H : K\ = in R in this situation, and one checks 
then that Inf^^^yM is cohomological. In this case, the inflation functor 
M'^p,{G/N) — > M^(G) corresponds via Yoshida's equivalence of categories 
to the functor FurtR^G/N) — > Funi^(G) obtained by composition with the 
Brauer quotient functor V i— > V^[A^] from perm^(G) to permj^{G/N). 

3.25. Example : group isomorphism : Let / : G — > if be a group 
isomorphism. Then the set U = H has a natural structure of {H, G)-biset, 
for which h E H acts by left multiplication by h, and g E G acts by right 
multiplication by f{g). It is clear in this case that the functor Ru is the 
transport by isomorphism via /. This functor will be denoted by Iso(/). The 
functor L[/ is isomorphic to Iso(/~^), by Assertion 3 of Proposition 13.151 
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Recall that a section {B, A) of G is a pair of subgroups of G such that 
A<B. 

3.26. Lemma : Let G be a finite group, and [B, A) be a section of G. 
Then there is an isomorphism 

of functors from Mj^{B/A) to Mj^{G), where A\G is endowed with its natural 
{B/A,G)-biset structure. Similarly, there is an isomorphism 

p|/^Res^ - \-G/A 

of functors from M^(G') to M'}^{B/A), where G/A is endowed with its natural 
{G, B / A)-biset structure. 

Proof : The functor Ind^zf^^ is equal to the composition of Indf = Ly, 
where V is the set G for its natural (5, G)-biset structure, and i^/a ~ 
where U is the set B/A, for its natural (S/A, i?)-biset structure. It follows 
from Proposition 13. MI that Ind^zf = L^y, where W = (B/A) x^G is clearly 
isomorphic to the (i?/y4, G)-biset A\G. 

By adjunction, it follows that p;|y^Res^ = Ra\g- But Ra\g — \-g/a by 
Assertion 3 of Proposition 13.151 since B/A acts freely on G/A. □ 

3.27. Proposition : Let G be a finite group, and {B,A), {D,G) be two 
sections ofG. Then there is an isomorphism 

p^/c Resg Indi il/j, - © Indg z lso{fg) p Resf 

of functors from \\A1{B/A) to M^(D/C), where 

D = D/C, Dg = {Dn ^B)C/G, Cg = {Dn ^A)G/G , 

B = B/A, Bg = {D^ n B)A/A, Ag = {G^ f] B)A/A , 

and where fg : Bg/ Ag — > Dg/Gg is the group isomorphism sending xAg to 
^xCg, forxeD^nB. 

Proof : (see Proposition?. 1 of [5] for details) By Lemma [3.261 and Proposi- 
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tion 13. 14^ there are isomorphisms of functors 

PD/cResglndgz|/^ = ^g/c ° U\g 

— \-A\GxgG/C — ^A\G/C ■ 

Now the {B/A, D/C)-hiset A\G/C sphts as a disjoint union of transitive 
ones 

A\G/C^ y A\Bg-^D/C . 

ge[D\G/B] 

Moreover for each g G [D\G/B], with the above notation, there is an iso- 
morphism of {B, D)-bisets 

A\Bg-'D/C - (B/Ag) x^^j^ Iso(/,) x^^/^^ {C,\D) . 

By Lemma [3.261 and Proposition 13. 141 again, there is an isomorphism of func- 
tors _ _ _ _ 

\-A\Bg-w/B = Indg^ o o Iso(/,) o p|^^_^ o Resf ^ , 

as was to be shown. □ 



4. Reduction to p-groups 

4.1. Lemma : Let k be a field, let G and H be finite groups, and U be a 
finite {H,G)-biset. 

1. If F is an object of funk{H) , then 

dimfc lu{F) < Gu dim^ F , 
where Gu= E \H\U/K\. 

K<G 

2. If F is an object of funk{H), and if F has polynomial growth, then so 
does L[/(F). 

Proof : Let F be an object of Fur\k{H). The co/ifc (G)-module corresponding 
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to lu{F) is equal to © lu{F){k{G/ K)) , by Remark EH Thus 
dimkluiF) = Y,^imkF{kU<^kGKGlK)) 

K<G 

= Y^dimk F{k{U/K)) 

K<G 

= J2 J2 dimk F{k{H/H^K)) , 

K<Gu£[H\U/K] 

where Huk = {h E H \ 3g & K, hu = ug}. Now for each K < G and each 
u e [H\U/K] 

dimkF{k{H/H^K)) < dimfcF = ^ dinik F {k{H / L)) , 

L<H 

thus 

diiiifc lu{F)<(^Yl Yl ^^'^^ ' 

K<Gue[H\U/K] 

showing Assertion 1. 
Now if 

■ ■ ■ Pn — ^ Pn-i — ^ ■ ■ • — ^ -Po — ^ F — y 

is a projective resolution with polynomial growth, there are constants c, d, 
and e, such that dim^ P„ < cn"^ + e, for all n G N. Now the complex 

• • • \-uiPn) \-u{Pn-l) > \-u{Po) \-u{F) 

is a projective resolution L[/(F), since Ljy is exact and maps projective objects 
to projective objects. Moreover 

dimfc lu{Pn) < Cu dimfc P„ < Cucn'^ + Cue , 

so \-u{F) has polynomial growth. □ 

4.2. Proposition : Let G be a finite group, and {B,A) be a section of G. 
Let k be a field, and N be a cohomological Mackey functor for B/A over k. 
Then the following conditions are equivalent : 

1. The functor N has polynomial growth. 

2. The functor hid% j^{N) has polynomial growth. 
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Proof : The functor Ind^ is isomorphic to L^r, where W is the {B/A, G) 
biset A\G, by Lemma r3.26l so Condition 1 imphes Condition 2, by Lemma l4?Tl 
Conversely, if Lw{N) has polynomial growth, then so does Lw°poLw{N) = 
\-wxgW-v{N), by Lemma O But W Xq W°p ^ A\G/A, as a {B/A,B/A)- 
biset. In particular, it is the disjoint union of the identity biset Ids/A = B/A 
and some other {B/A, i?/74)-biset. By Assertions 4 and 5 of Proposition 13 . 141 
it follows that the identity functor is a direct summand of \-wxgW°p- In par- 
ticular N is isomorphic to a direct summand of LwxgW°p{N), and has 
polynomial growth, by Remark |2 .41 Thus Condition 2 implies Condition 1. □ 

4.3. Lemma : Let G be a finite group and M be a cohomological Mackey 
functor for G over R. Then for any subgroup H of G the composition 

M — > Ind|ResgM — ^ M 

of the unit and counit morphisms of the adjoint pairs of functors 
(Res^,Ind^) and (Ind^,Res^) is equal to the multiplication by \G : H\. 

Proof : This is because the same is true for the categories of i?G-modules and 
RH-modu\es, and the induction and restriction functors between them. □ 

4.4. Proposition : Let k be a field of positive characteristic p. Let G be a 
finite group, and S be a subgroup of G, containing a Sylow p-subgroup of G. 
Then for any cohomological Mackey functor M for G over k, the following 
conditions are equivalent : 

1. The functor M has polynomial growth. 

2. The functor Resf M has polynomial growth. 

Proof : Condition 1 implies Condition 2, by Lemma 14.11 Conversely, if 
Resf M has polynomial growth, so does Indf Res^ M, by Lemma 14.11 again. 
Now Lemma 14.31 shows that M is a direct summand of Ind^Resf M, since 
\G : 5*1 is non zero in k. Hence M has polynomial growth, by Remark 12. 4[ □ 

4.5. Definition : Let k be a field. A finite group G is called a poco group 
over k if every finitely generated cohomological Mackey functor for G over k 
has polynomial growth. 

4.6. Corollary : Let k be afield of characteristic p. Let G be a finite group, 
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and S be a Sylow p-subgroup of G. Then G is a poco group over k if and 
only if S is a poco group over k . 

Proof : Indeed, if G is a poco group, and is a cohomological Mackey func- 
tor for S over k, then Indf has polynomial growth, and has polynomial 
growth, by Proposition 14.21 applied to the section (5*, 1) of G. So S" is a poco 
group. 

Conversely, if is a poco group, and M is a cohomological Mackey functor 
for G over /c, the Resf M has polynomial growth, so M has polynomial 
growth, by Proposition 14.41 □ 

4.7. Proposition : Let k be afield, and G be a finite group. The following 
conditions are equivalent : 

1. The group G is a poco group over k. 

2. For any finitely generated kG-module V , the functor FPy has a poly- 
nomial growth. 

Proof : Obviously Condition 1 implies Condition 2. Conversely, observe that 
since any morphism from FPl to FPn, where L and N are fcC-modules, is 
determined by a morphism of /cG-modules from L to A^, for any cohomological 
Mackey functor M for G over k, there is a short exact sequence 

— ^ FPv — > FPl — > FPn — >M — > , 

where L and A^ are permutation /cG-modules, and V is the kernel of a mor- 
phism of /cG-modules from L to A^. Now if FPy has polynomial growth, so 
does M. □ 



5. Proof of Theorem 1.1 



Corollary 14.61 shows that G is a poco group if and only if is a poco group, 
where 5* is a Sylow p-subgroup of G. Now by Proposition 14. 2^ if (-8,^4) is a 
section of 5*, the factor group B /Ais also a poco group. 

It will be shown in Sections [9] and [TH] that an elementary abelian ]>group 
is a poco group if and only if it has rank at most 1, when p > 2, or at most 2, 
when p = 2. It will follow that if G is a poco group, then S has sectional 
rank at most 1 if p > 2, which implies that S is cyclic, or at most 2 if p = 2. 
In other words. Condition 1 of Theorem 11.11 implies Condition 2. 

Conversely, it will be shown in Section [9] that cyclic p-groups are poco 
groups. So Condition 2 of Theorem 11.11 implies Condition 1, whenp > 2. The 
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corresponding assertion for p = 2 will be stated in Section [TT], completing 
the proof of Theorem ll.li 



6. Simple cohomological functors for ^-groups 

Recall (see [S] for details) that if G is a p-group, the simple cohomologi- 
cal Mackey functors for G over k, up to isomorphism, are in one to one 
correspondence with the subgroups of G, up to conjugation. The simple 
functor Sq (also denoted by Sq if G is clear from context) corresponding to 
the subgroup Q is defined by 

\/T < G, Sq{T) I otherwise. 

The projective cover of the functor Sq is the fixed point functor FPkG/Q- 
Moreover Y.Yidui{G){S^) = k, and is self dual (i.e. (S^)* ^ S^). 

6.1. Lemma : Let k be a field of characteristic p, and G be a p-group. 
There is a short exact sequence in M^(G) 

FPna FPkG —^S^^O , 

where is the kernel of the augmentation map e : kG k. 

Proof : Consider the exact sequence of fcG-modules 

— — >kG ^k — ^0 . 

Since fixed point functors are left exact, the inclusion VLq C kG yields an 
inclusion FP^^ C FP^g- Let S denote the quotient functor. In particular 
S{V) = k. And if Q is a non-trivial subgroup of G, then [kG)'^ = TrJ(A;G) C 
^G. Thus {^g)^ = (kG)^, and S{Q) = {0}. Hence S = Sf. □ 

6.2. Theorem : [Samy Modeliar [7]] Let k be a field of characteristic p, 
and G be a finite p-group. Then 

Extl,.^a)iS? , Sf) = Hom^(G/($(G)/(G)), , 

where k^ is the additive group ofk, where $(G) is the Frattini subgroup ofG, 
and I{G) is the subgroup of G generated by elements of order 2 (so I{G) = 1 
zfp>2). 
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Proof : By Lemma [6. 11 there is an exact sequence 



hence Extl.^a)iS? , S^) = RomMHoiFPnc S^). 

Now a morphism if : FPq^ — > 5*^ is entirely determined by its evaluation 
at the trivial group, which is a morphism of A;G'-modules from Qq to k. 
Conversely, a morphism of /cG-modules / : /c is the evaluation at 1 

of a morphism of Mackey functors from FPq^ to 5"^ if and only if it maps 
(nc)^ = r^FPn^iQ) to r^S^{Q) = {0}, for any non-trivial subgroup Q 
of G, or equivalently, for any subgroup Q of order p of G. 

In other words / is a G-invariant linear form on the space 

Qg/ Y1 ' 

Q<G 
\Q\=p 

i.e. a linear form on such that 

(6.3) f{h{g-l)-{g~l))=0, \/g,heG , 
and 

(6.4) /(I + X + ■ ■ • + xP-^) =0, Vx e G, \x\=p . 

Now Qg is generated as a A;- vector space by the elements dg = g — 1, for 
g E G, and the only relations between these generators are di = 0. Hence a 
linear form / on Qg is determined by the values u{g) = f{g — 1), subject to 
u(l) = 0. Since dhg = {hdg — dg) + dh + dg, for any g,h E G, Equation 16.31 is 
equivalent to 

u{gh) =u{g) + uih), \/g,heG . 

In other words m is a group homomorphism from G to k~^ (note that this 
implies u{l) = 0, as required). Equivalently u factors through a group ho- 
momorphism G/$((j) —>■ k~^. 

Now if X is an element of order p of G 

1 -|- X -|- ■ ■ ■ -|- xP~^ = di + dx + dx2 + ■ ■ ■ + dxP-i , 

so Equation 2 is equivalent to 

u{l) + u{x) + m(x^) H h u{xP'^) = 0, Vx G G, \x\=p . 
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If M is a group homomorphism from G to k^, this is equivalent to 

(0 + 1 + 2 + ■ ■ ■ + (p - l))u{x) = (^^u{x) = 0, Vx G G, \x\=p . 

Now if p is odd, the integer (g) is a multiple of p, so this condition is satisfied 
whenever m is a group homomorphism to . And if p = 2, this condition is 
equivalent to 

u{x) = 0, \/x e G, \x\=2 . 

This shows finally that HomM^(G')(-F-PnG) "S"^) is isomorphic to the group of 
homomorphisms from G/ ($(G)/(G)) to k~^, and this completes the proof. □ 

6.5. Lemma : Let G be a finite p-group, and Q he a subgroup of G. Set 
B = Ng{Q), and denote by A = $(Q) the Frattini subgroup of Q. Then 

where A\G is viewed as a {B/A,G)-biset. 

Proof : The second isomorphism follows from Lemma 13.261 As for the 
first one, recall (see [9]) that Sq = Ind^Sg, so it suffices to show that 

S§ = ^^/^(^Jm)' ^^^^ Q<G. In this case, ii H < G 

^^/AiS^^/im = S^/^{HA/A) . 

This is equal to k if HA = Q, and to zero otherwise. But HA = Q ii and 
only if H = Q, and this completes the proof. □ 

6.6. Corollary : With the same notation, 

Sq = Ind^j|/^(S'Q^^) = ^G/AiSgji) ■ 



Proof : This follows from Lemma 16.51 using Proposition I3.14[ and the fact 
that Sq is self dual. □ 

6.7. Lemma : Let G be a p-group, let Q be a subgroup of G, and {B,A) 
be a section of G. Then 



pf /^Res^(S'Q) — ®Sj,ij^ 
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where Q' runs through the set of G- conjugates of Q which contain A and are 
contained in B, modulo B -conjugation. 

Proof : Let H/A be a subgroup of B/A. Then 

(p|/^Resg(5g))(ifM) = {Res%{S§)){H) = S§{H) , 

and this is equal to /c if if is conjugate to Q in G, and to {0} otherwise. □ 

7. Some cohomological functors for ^-groups 

7.1. Notation : Let G be a finite group. A subsets of the set of subgroups 
of G will be called convex if 

WH < K < L <G, H,L eS ^ K eS . 

The set S will be called G-stable if it is invariant by G- conjugation. 

The following is an extension of Assertion (ii) of Corollary 15.3 of [9] : 

7.2. Proposition : Let k be a field of characteristic p, and G be a finite 
group. The correspondence 

M ^ Suppp(M) = {H <G\H is a p-group andM{H) ^ {0}} 

induces a one to one correspondence between the set of isomorphism classes 
of subquotients of the functor FPk and the set of G-stable convex subsets of 
the set of p- subgroups of G. The inverse bijection maps the G-stable convex 
subset S of p- subgroups of G to the class of the functor kg defined by 

yn < G, ks{H) = ( '{f^ ^.'^ 

t |U| otherwise , 

where Hp denotes a Sy low p- subgroup of H. 

When H < K < G, the restriction map r§ is equal to 0, except if Hp G S 
and Kp G S, in which case = 1. The transfer map t^ is multiplication by 
\K : H\ for all H < K < G . The conjugation map c^^h is always the identity 
map ks{H) ks{^H). 

Proof : By Corollary 15.3 of [9], the correspondences 

F ^ Suppp(F) = {Q \ Q is a. p-subgroup of G and F{Q) ^ {0}} 
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and 

r ^kr = <FPu{Q)>Q^T 

are mutual inverse bijections between the set of subfunctors of FPk and the 
set of G-stable subsets of the set Sp{G) of p-subgroups of G, which are closed 
under taking subgroups. 

By Proposition 2.4 of P], the value of kj- at some subgroup of G is 
equal to 

kr=^\H: Q\k . 

Q&r 

Q<H 

This is equal to k if Hp e T, and to zero otherwise. The restriction maps 
between non zero values of kr are equal to the identity map of k. The transfer 
map is multiplication by \K : H\, and the conjugation maps are identity 
maps (possibly zero). 

It follows that any subquotient M of FP^ is equal to kr/kr', where T 
and T' are G-stable subsets of Sp{G), which are closed under taking sub- 
groups, and such that T' C T. With the notation of Proposition 17.21 this 
means that M = ks, where 5 = T — T' is a G-stable convex subset of Sp{G), 
equal to Suppp(M). 

Conversely, let iS be a G-stable convex subset of Sp{G). Set 

T = {Qe SpiG) \3S eS, Q < S} 

T' = T-{Qe Sp{G) \3S eS, S <Q} . 
Then T and T' are G-stable, and closed under taking subgroups. Moreover 

T -T' = {Qe Sp{G) I 3S, S' eS, S' < Q < S} . 

Thus T — T' = S, and kg = kr/kr' is a subquotient of FPk. 

These correspondences M ^-^ Suppp(M) and S ^ k^ are clearly mutual 
inverse bijections between the set of isomorphism classes of subquotients 
of FPk and the set of G-stable convex subsets of Sp{G). □ 

7.3. Corollary : Let G be a finite p-group, and Q < R be subgroups of G. 
Then there exists a unique object ^q ji o/M^(G) such that 

G ,m f k tfQ<GH<GR 



/ |Q| otherwise 
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and such that 

yH<K<G, t^^O, rf=|i ^fQ<oHandK<aR 

[ U otherwise . 

Moreover the socle of ^q^r is isomorphic to Sq, and the head of ^q^r is 
isomorphic to S^. 

Proof : Let S ^ {S < G \ Q <G S <G R}. Then 5 is a G-stable convex 
set of subgroups of G, and the corresponding functor ks fulfills the required 
conditions, so the functor Sg ^ exists. The uniqueness follows from the fact 
that the values of ^q^r are given, as well as the transfer and restriction 
maps. The non zero conjugation maps Cx,q are determined by elements of 
H^{G, Indqk^) = Homz((5, k^), which is equal to zero since G is a p-group. 
So the conjugation maps are all identity maps (possibly zero). 

Now a morphism ip from Eg ^ to some functor N is entirely determined 
by its evaluation (fR : Eg (R) = k ^ N{R) : indeed, if S < G and 

Eg r{S) 7^ {0}, then < R for some g E G, and then the map = Cg^ss^gg 
is an isomorphism from Eg^^(i?) to Eg^^(5'), such that (pq = Cg^ss^ggifiRip'^. 
Hence the only simple quotient of Eg is Sr, with multiplicity one. 

By a similar argument, a morphism from to Eg ^ is determined by its 
value at Q, so the only simple subfunctor of Eg_^ is Sq, with multiplicity 
one. □ 

7.4. Notation : Let G be a finite p-group. If Q < R are subgroups of G 

such that \R : Q\ = p, the functor Eg^^ will be denoted by ( ) ■ -^^^ ^^^^ 

fS^\ ^ 
functor (Eg^)* will be denoted by {^)- ^ith this notation, there are non 

split exact sequences in M^(G) 



(7.5) ^^'^'■^^^Q^{lo) ^S^^^ ■ 

(7.6) D*Q^^:0 ^ Si ^ (^f^^ ^ Sg ^0 . 

In particular, if X is a subgroup of order p of G, set Dx = Di x and 
— D\x) (^"i^d denote by ■Jx (or jx if G is clear from the context) the 
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element 0/ Ext^c(Q)(S'f , Sf^) represented by the exact sequence 

qG\ / qG 

Dx\ I '-'1 



obtained by splicing the sequences Dx and D^. 



8. Extensions of simple functors for p-groups 



8.1. Lemma : Let G be ap-group, and Z be a central subgroup of order p 
of G. Then there are isomorphisms 



'■G/z 



(SD ^ (J) . fa,z(sr) ^ (I) 



in Ml{G). In particular, there are non-split exact sequences in M^(G) 
Dz : — ^%iz{sT) ^ 5f . 

: — ^ jg/z(5f ^ 5f — . 



Proof : Let be a subgroup of G. Then i%i^{Sf^)[E) = sf^iHZjZ) i 



IS 



equal to k if HZ = Z, i.e. if < Z, and to zero otherwise. The conjugation 
maps are all identity maps (possibly zero), the restriction map rf is the 

qG 



identity map of fc, and the transfer map tj is zero. Thus 

The other isomorphism follows by duality, and the two exact sequences are 
special cases of Sequences 17.51 and 17.61 □ 



8.2. Corollary : For any n G N, composition by Dz induces a group 
isomorphism 



Proof : Indeed, for n G N, 



ExtMc(c.) ( , Sf) = ExtfJ|c(Gr/^) {S^^^, Pc/ziSi)) = {0} 
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by Proposition 13.161 and Lemma 16. 7[ 



□ 



8.3. Corollary : Let k be a field of characteristic p, and G be a p-group. 

If X is a subgroup of order p of G, then 

E^^M^(G)('S'x' ^i) — k = Ext^c((j)(S'f , Sx) ■ 



Proof : Indeed Ng{X) is equal to the centralizer C of X, since |X| = p, and 
= Indg^^. Thus for any n G N 

^^^Mi{G)i^x: ^i) — Ext]J,c(c')(5'x, R-es^S'f ) 

— ExtfJ|c(c')(S'^, ) 

— Extj^c(^)(5'f , 5'^) 

by Corollary 18.21 since X is a central subgroup of order p of C. Corollary 18.31 
follows, taking n = 1. 

The isomorphism k = Ext^c(g.-)(S'^, Sx) follows from Remark 13. IH since 
the simple functors are self dual. □ 

8.4. Notation : If N is a normal subgroup of a group G, contained in the 
subgroup H of G, denote by Kh{N) the set of complements of N in H, i.e. 
the set of subgroups X of G such that NX = H and N n X = 1. 

Denote by [Ng{H)\Kh{N)] a set of representatives of NG{H)-conjugacy 
classes of subgroups in Kh{N). 

The following proposition is a generalization of Lemma 18.11 : 

8.5. Proposition : Let G be a p-group, letQ be a subgroup ofG, and Z be 
a central subgroup of order p of G contained in Q. Then there are non-split 
exact sequences in M^(G) 



Proof : Since the simple functors are self dual, the second sequence is ob- 
tained from the first by applying duality, by definition of the functor j^/^ 
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and Assertion 6 of Proposition 13.141 So it suffices to prove the existence of 
the ffist one. 

Denote by / the functor ); and by R its radical. If if is a 

subgroup of G, then I{H) = S'^^^^HZ jZ) is equal to k if RZ =q Q, and 
to zero otherwise. Moreover HZ = Q if and only if H = Q, or H & Kq{Z), 
since Z has order p. Equation 13.81 shows that the composition factors of / 
are the functors Sq and the functors Sx, for X G [Ng{Q)\Kq{Z)], each with 
multiplicity 1. 

Moreover, if Y is any subgroup of G, consider 



Hy = HomM=(G) {I, Sy) = HomM=(G/z) {Sq/z^ Pc/zi'^Y)) ■ 
Now p^/z{S^) = {0} ifZ ^Y, and p^/z{S^) = Syjz, by Lemma O Thus 



TCy = {0} unless Y =g Q, and Hy = k in this case. 

This means that I/R is simple, isomorphic to Sq. Moreover, if if is a 
subgroup of G, then R{H) = {0} except if HZ =g Q and H n Z = 1, i.e. 
if H is conjugate to some element of Kq{Z) in G, and R{H) = k in this case. 
Hence R is isomorphic to the direct sum of the simple functors Sj^, where H 
runs in a set of representatives of G-conjugacy classes of such subgroups, i.e. 



8.6. Theorem : Let k be a field of characteristic p > 0, let G be a 
finite p-group. Let Q and R be subgroups of G, and let Z be a subgroup 



of order p of Q H R H Z{G). Set G = G/Z, Q = Q/Z, R = R/Z, and 



Then, for any n G N, there are short exact sequences of vector spaces 



— > (B Ext'''^c(Q\{Sx, Sji) Ext'^c(^Q^{SQ, Sji) Ext'^^^^JS^, Sj^) — > , 



Proof : Applying HomM^(G')(— , to the ffist exact sequence of Proposi- 
tion 18.51 gives a long exact sequence 



Ext{^,|^)(S'f , S^) ^Ext]Jic(G)(5'Q, S'f ) ^ExtJ^e(^)(5'^, S^} 



equivalents H G [Ng{Q)\Kq{Z)]. 



□ 



IC=[Ng{Q)\Kq{Z)]. 




where the map iTn is induced by Pq/z- 




■ © Ext' 
xeK 




where the image of an extension u G Ext 



Mi{G)i^Q ^ ^r) under the map 7r„ is 
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obtained by first taking the image under the map 
and then using the adjunction isomorphisms 

ExtMC(G)(^G/z('S'Q/^),5'^) -^^^M%(G)i^Q'PG/ziSR)) - Ext J^,^^^ (5*0, 5*1) . 
In other words, with the notation of Remark 13.181 

nn{u) = o ^) = p'^/z{u) o ao{<^) = Pc/zi^) , 

since the map ao{<f) : S^j^ Pc/zi^g) — ^qjz obtained from (f by adjunc- 
tion is the identity map. This shows that 7r„ is induced by Pq/z- 

Now the infiation functor Inf^y^ : funk(G/Z) funk(G) is an exact 
functor such that Pq^z ° ^^^G/z is isomorphic to the identity functor. Since 

Sq = InfQ/zi^Qjz) ^^'^ — ^''^^G/zi'^R/z)^ ^^^^ infiation functor induces a 
map 

o"n : Extj,[^c(^)(5'^, 5*^) ExtfJ|c((;)(5'Q, S*^) 

such that TTn o (Tn = M. In particular 7r„ is surjective, so the long exact 
sequence above splits as a series of short exact sequences. □ 

8.7. Proposition : Let k be a field of characteristic p > 0, let G be a 

finite p-group, and H be a subgroup of index p in G. Set I = Ind'^S^ , and 
let R and S denote respectively the radical and the socle of I as an object of 
Ml{G). Then I D RDS d{0}. Moreover I/R^S = Sf, and 

R/S = L® ® , 

XelG\KG{H)] 

where L is a functor all of whose composition factors are isomorphic to , 
with multiplicity p — 2. 

Proof : Let Q be a subgroup of G. Then by Proposition 13.161 

HomMc(G)(/, S§) - HomM=(/^)(5f , Res%S§) . 

Moreover, by Lemma 16. 7[ the functor Res^S'g is isomorphic to the direct 
sum of functors 5*0,, where Q' runs through a set of if-conjugacy classes of 
G-conjugates of Q which are contained in H. 

Thus HomMc(G)(/,^g) = {0} if Q ^ 1, and HomMc(G)(/, ) = k. This 
shows that I/R = S^. 
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A similar argument shows that HomMC(G')(5'Q, J) is equal to {0} if Q 7^ 1, 
and isomorphic to k if Q = 1. Thus S = S^. 
Let X be a subgroup of G. Then 

i{x) = © 5f (if n^'X) . 

x€G/HX 

This is isomorphic to fc^ if X = 1, to if X is non trivial and H (1 X = 1 
(which implies that HX = G), and to {0} otherwise. In particular I ^ S 
(since 1(1) = ^ k = S(l)), so ^ C i?. 
Moreover, the short exact sequence 

— >R — >I ^S^ — ^0 

shows that ExtMc(G)(5'^, -R) = ExtJ^i:^^j(5'^, )) for any n G N, since 
Ext;:^c(G)(^f ,/) = Ext;:^c(^)(Res|5f,'!sf)> and since ResgSf = {0}. In 
particular Ext^c(G)('^x, ^) = HomMc(G)(5f , ) = {0}. 
Now the short exact sequence 

— > — R/S — y 

yields a long exact sequence of ExtM=(G)('S'x, — ) groups starting with 

— ^ — ^ — > Rom{Sx, R/S) Ext^(5x, 5i) ^ Ext\Sx, R) = {0} . 

It follows that Hom(S'x, R/S) = k, by Corollary 18.31 Moreover / is self dual, 
since 5"^ is self dual and Ind^ commutes with duality, by Proposition I3.14[ 
Thus 

Hom(i?/^, Sx) = Hom(^x, R/S) = k , 

by Remark 13.111 since Sx is also self dual. 

In particular, there exists an injection i : Sx — R/S and a surjection 
s : R/ S — > Sx- If s o i = 0, then {R/S){X) has dimension at least equal 
to 2. But {R/S){X) = I{X) = k, so s oi ^ 0. Hence s o i is invertible, and 
Sx is a direct summand of R/S. 

It follows that © 5*^ is also a direct summand of R/S, for it is a 

Xe[G\KG{H)] 

direct sum of non isomorphic simple summands of R/ S. Hence there exists 
a subfunctor L of R/S such that 

R/S^L® © 5^ . 

X<^[G\Kg{H)\ 

Now if Q is a subgroup of G, then {R/S){Q) is equal to {0}, unless Q = 1 
or Q is a complement of H in G, in which case {R/S){Q) = k. It follows 
that L{Q) is equal to {0}, except if Q = 1 (and L{1) has dimension p — 2 
over k). This completes the proof. □ 
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9. The case of cyclic ^^-groups 



9.1. It has been shown by M. Samy Modehar ([7]) that cychc p-groups 
are poco groups over a field k of characteristic p. This resuh rehes on the 
construction of periodic projective resolutions for the fixed points functors, 
which can be seen has follows : if G is cyclic of order p™, then the group 
algebra kG is isomorphic to a truncated polynomial algebra A = k[X]/{XP"'), 
via the map sending X^Atog — l& kG, where g is some chosen generator 
of G. 

The indecomposable A-modules are the modules = k[X]/{X'^), for 
1 < d < p"^, so Ed, where the chosen generator g of G acts by multiplication 
by 1 + X, is the unique indecomposable /cG- module of dimension d, up to 
isomorphism. The indecomposable permutation /cG-modules have dimension 
equal to a power of p, so they are the modules Epj, for < j < m. 

This means that the functors FPe ^ are the projective indecomposable 
objects, in M^(G), and they are their own projective resolution. 

Now if 1 < d < p"^ and d is not a power of p, there exists a unique 
integer h in {0, ■ ■ ■ , m — 1} such that p^ < d < p^^^. Let 

Crf : Eph © Eph+i — y E^ 

denote the morphism of A-modules induced by the map 

(Q, R) G k[X] X k[X] ^ X'^'P'^Q + ReEd . 

This map is well defined, and surjective, and it is a morphism of fcG-modules. 

The unique subgroup Gi of G of index p', where < / < m, is the 
subgroup generated by g^ . If is a /cG-module, then the subspace W'^^ 
of W on which Gi acts trivially is equal to 

W^' = {weW \ gP'w = w} = {weW \{g- l/w = 0} . 

So viewing W as an A-module, the space W'^'^ is equal to the kernel of X^' 
on W. In particular, for any j G {1, ■ ■ ■ the space {Ej)'^^ is equal to 

k[X]X^' /{X^), where r = max(j — p',0). This shows that 

If I < h, this is equal to k[X]X'^^p' / {X'^), and if I > h, this is equal to 
k[X]/{X'^). In other words 
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It follows that the restriction of the map to the spaces of fixed points by 
any subgroup of G is surjective : in the terminology of Samy Modeliar ([7]), 
the map is supersurjective. Equivalently, it induces a surjection 

FPe, : FPe^, © FPe^,^, FPe, 

in Ul{G). 

Now the kernel of consists of the images in of the pairs 

(Q, R) e k[X] X k[X] such that X'^'P^Q + R is & multiple of X^, i.e. of the 
pairs {-T,X'^-P T), for T e k[X]. Hence the map 

T G ^ (-T,X'^-^'''T) G Kere^ 

is well defined (note that < p^+p^^^~d < p^^^), and it is an isomorphism 
of A-modules. This yields a short exact sequence 

> Ephj^ph + l > Eph © Eph + 1 — > Ed — > 

of A;G-modules, leading to a short exact sequence 

— > FPf — > FPf © FPf ^ FPp — > 

in M^(G'). This shows in particular that FPe^ has a projective resolution in 
M^(G), which is periodic of period 2, of the form 

FPa^ FPa, FPc. FPe. 

■ ■ • ' ^ ^E^n®E^u+i ' ^ ^E^hS)E^h+i ' ^ ^E^u®E^n+i ' ^ ^Ea ^ U 

where and are the endomorphisms of E^h © E.ph+i given by 

ad(Q,i?) = {-Xp"^'-''Q-R,Xp''*"-p''Q + X''~p"r) 
Pd{Q,R) = i-X'^-P'Q ~ R,XP''^'-P''Q + XP'^'-'^R) . 



Hence all the functors FPy, where V is an indecomposable /cG-module, have 
a periodic resolution. In particular G is a poco group, by Proposition 14.71 

9.2. If > 3, this applies to the case d = p^ — 1 (which is not a power 
of p), and h = m — 1, consequently. In this case Ed = ^g, and Eph+i = kC. 
Splicing the above resolution with the short exact sequence 

^ FPE^m_^ ^ FPE^m > 

of Lemma [6.11 gives a projective resolution of of the form 

^FP l^FP EIxwp , qG 
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where a and /5 are the above maps and /J^, for c? = p"* — 1 (and h = m—l), 
and 7 : Epm-i © i^^m — > E'^m is the map defined by 

Now FPs „_ie£;,^ = © FPe^^.. Moreover, by Equation EH 

HomM=(G)(FPi?^™_.,^f) = S^{G,^-.) = {0} , 

and 

More precisely, a morphism FPe ™ — > is determined by its evaluation 
at the trivial subgroup, which is a scalar multiple of the augmentation mor- 
phism e. 

It follows easily that the groups ExtJJ|c(g-)(S'^, S"^) are the cohomology 
groups of the complex whose terms are all isomorphic to k, with zero differ- 
entials. Thus Ext;;^c(G)(^f , Sf) = k, for n G N. 

9.3. Proposition : Let k be a field of characteristic p, and G be a cyclic 
p-group. Then : 



k tf\G\>3 
{0} zf\G\<2 



Proof : The case \G\ > 3 follows from the above discussion. The case 
|G| < 2 follows essentially from the fact that in this case, any fcC-module is 
a permutation module : if G is trivial, there is nothing to prove. And if G 
has order 2, then has a projective resolution 

O^FPk^ FPkG , 

and moreover HomMc(G)(-^-Pfc5 S^) = {0}, by Equation 13.81 □ 



10. The case of elementary abelian ^^-groups 

10.1. Proposition : Let k be a field of characteristic p, and G be an 
elementary abelian p-group. Let H be a subgroup of index p in G, and 
T G Kg{H). Then the functor I = Ind'^Si of M^(G') has a subfunctor J 
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isomorphic to t-Q/xiS^^^) ■ Moreover J is contained in the radical R of I , 
and there is an isomorphism 

R/J^L® ® , 

XeKG{H)~{T} 

where L is a functor all of whose composition factors are isomorphic to Sf, 
with multiplicity p — 2. 

Proof : Let S be the socle of /. By Proposition 18.71 there is a filtration 
I dRDSd {0}, and I/R^S = Sf. Moreover 

(10.2) R/S^L® ® , 

XeKaiH) 

where L is a functor all of whose composition factors are isomorphic to S^, 
with multiplicity p — 2. 

By Lemma 18^ the functor J = iQ/rp{S^^^) has simple socle, equal to its 
radical, and isomorphic to S^, and simple top, isomorphic to S^. Moreover 

HomMc(G)(J,/) = HomMc(H)(Res|j,^f) ^ k , 

smce Resgj ^ 5f , for the only non zero evaluation of this functor is at the 
trivial group, where it is equal to k. 

Hence there is a non zero morphism f : J —>■ I. If / is not injective, then 
its image is isomorphic to S^, since this is the only proper non zero quotient 
of J. But is not isomorphic to a subfunctor of /, since the socle of / is 
simple and isomorphic to S^. 

It follows that / is injective, and one can identify J with a subfunctor 
of J, containing S, and J/S = S^. Moreover J is a proper subfunctor of J, 
since is not a quotient of J. Hence J R, and 

R/J^L® ® S'^ , 

XeKG{H)~{T} 

by (unD. □ 

10.3. Corollary : With the same notation, there is a long exact sequence 
of extension groups 

-L(n-l)© EGin-2) -^gH ^Enin) 



-L{n)® ® Ecin-l) ^ Edn + 1) ^Enin + l)-- 

xex 
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where Ecin) = Ext'^.^a)iS?,S^), Euin) = Y.xil,.^^H){S? . S^) , L{n) 
Ext;^.,c.(L, S^), and X = Kg{H) - {T}. 



Proof : There is a short exact sequence 

— > J — >I — >I/J — ^0 

in Ul{G). Since Ext;^.(c)(J, 5f ) - Ext;^.^^/^) (Sf pg/^(5f )) = {0} for 

any n G N, by Proposition 13.161 and Lemma 16.71 and since Resg^f = 5f , it 
follows that 

ExtMc(G)(-?'/-^, 'S'f) = ExtMc(G)(/, S'f) = ExtMc(^)(S'f , ) = Euin) . 
Now by Proposition IIU.H there is a short exact sequence 
— > R/J — >I/J — ySf — >0 , 
and R/J = L © © 5*^. Applying the functor HomMc(G)(-, ) 

XeKG{H)-{T} 

gives the long exact sequence of extension groups in M^(G) 

Hom(^f , Sf) Hom(// J, 5f ) Hom(i?/ J, 5f ) 



Ext^(5^^, S^) Exti(//J, Sf) Ext^(i?/ J, Sf) 



Ext"(5f , 5f ) Ext"(// J, S^) Ext"(i?/ J, Sf^ 



ExC+\S^, Sf) Ext"+^(//J, S^) ExC+\R/J, S^) 



Now 

Ext"(/?/J,5f) ^ Ext'^(L,5f)© © Ext"(S^,Sf) 

XeKG{H)-{T} 

^ Ext"(L,5f)© © ExC-\S^,S^) 

XeKc{H)-{T} 

= L{n) © © Ecin - 1) , 
by Corollary 18. 2[ This completes the proof. 
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10.4. The case p > 2. 



10.5. Theorem : Let k be a field of odd characteristic p. Let G be an 
elementary abelian p-group of rank 2. Then the simple functor of M^(G') 
has exponential growth. 

Proof : Let H he a subgroup of index p in G, and consider the long exact 
sequence of Corollary ll0.3[ The set Kg{H) consists of p subgroups of order p 
in iJ, so has cardinahty p — 1. Moreover 

£;HH = Ext;^.(^)(5f,5f)-A; , 

by Proposition 19.31 since H is cychc of order p > 3. 
This yields a long exact sequence of the form 

>k^L{n)®EG{n-lY-^^EG{n + l)^k^L{n + l)®EG{nY-^^--- • 

In particular, by Lemma [2.51 this shows that 

dimfc (L(n) © EG{n - If-^) < 1 + dim^ ^^(n + 1) , 

thus dimfc EgIu + 1) > (p — 1) dim/; EgIti — 1) — 1, for any n > 1. Hence, by 
induction on n, 

dim,EG{2n) " ^ > (p - iTi dim, Eg (0) - ^) = ' Jj^- , 

dim,EG{2n+l) ^— > {p-lT {dim. Eg (!) = (P-l)"(2p-5) ^ 

p — 2 p — 2 p — 2 

since dim, Eg{1) = 2 by Lemma l6.2[ Thus has exponential growth if 
p> 3. 

Now if p = 3, the functor L is simple, and isomorphic to S^, by Proposi- 
tion 110.11 It follows that in this case 

dimfc EG{n) + {p - 1) dim, Eg^u - 1) - 1 < dim^ Eg^u + 1) . 

In particular dim, Eg{2) > 2+2 — 1 = 3, since dim^ Eg{1) = 2 by Lemma 
Since dim^ EgIu + 1) > 2 dim^ EG{n — 1) — 1, it follows that 

dimfc EG{2n) - 1 > 2"^^ ( dim^ Eg{2) - l) > 2" , 

dimfc EG(2n + 1) -1 > 2"(dimfcEG(l) - 1) > 2" , 
hence has exponential growth in this case also. □ 
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10.6. The case p = 2. 



10.7. Theorem : Let k be afield of characteristic 2, and G be an elemen- 
tary abelian 2-group. Then 



Proof : By induction on the rank m of G, starting with m = 0, i.e. G = 1, 
where the resuh is trivial. Suppose m > 0, and that the resuh holds for all 
elementary abelian 2-groups of rank smaller than m. Choose a subgroup H 
of index p in G, and a complement T G Kg{H), and consider the long exact 
sequence of Corollary 110.31 

In this case by Proposition llO.il since p — 2 = 0, the functor L is equal to 
zero. Thus L{n) = {0} for any ri G N. Moreover Extl/^c^(^Q^{S^ , S^) = {0}, by 
Theorem 16.21 since G is generated by involutions. This starts an induction 
argument on j : suppose that Ext^^^^^(S'f , S^) = {0}, for < r < j. The 
exact sequence of Corollary 110.31 becomes 

© EGin-2) ^Ecin) ^Enin)-^ 

xex j 



© Ecin-l) ^Ecin + l) ^Enin + l)--- , 

where Edn) = Ext^.^a)iS?,Sf) and Enin) = Ext;^c(^)(5f , 5f ), and 
X = Kg{H) - {T}. 

Set n = 2j + 1 in this sequence. By induction hypothesis on m 

Eu{n) = Eh{2j + 1) = Ext^^Yi)(^f ' ) = {0} ' 

since H is elementary abelian of rank m — 1. Also 

Ecin - 2) = EGi2j - 1) = Ext'^r^^^iS^, S^) = {0} , 

by induction hypothesis on j. 

It follows that Ecin) = Ext^^'+^(S'f , S'f ) = {0}, and this completes the 
inductive step on j, hence the inductive step on m. □ 

10.9. Theorem : Let k be a field of characteristic 2. Let G be an 
elementary abelian 2-group, and H be a subgroup of index 2 of G. Choose 



(10.8) 

c 
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T e Kg{H), and set S = Kg{H) - {T}. 

Then for any j G N, there is a short exact sequence of extension groups 

^ © Ext'^-\S^, S^) ^ Ext2^(^f , Sf) 3 Ext2^(^f , S^) 

xes 

where is induced by restriction to H , and 7 is the direct sum of the maps 
induced by the Yoneda product with the element 7x of Ext'^ {S^ , S^) , for 
X eS. 

Proof : This follows from the exact sequence 110.81 in which all the terms 
EG{2j — 1), EG{2j + 1), and EuiT.] + 1) are equal to zero. The exact se- 
quence 110.81 splits as a series of short exact sequences 

^ © Ext2J-2(5f , S^) ^ Ext'^(5f , S^) ^ Ext2J(5f , 5f ) ^ , 
xes 

for each j G N. It remains to show that the morphisms 7 and r are as stated 
in Theorem 1 10.9[ 

First, with the notation of Proposition llO.il the morphism 

t : Ext^'-\R/J, Sf) Exe^iSf, S^) 

is the transition morphism associated to the short exact sequence 

T: — >R/J — >I/J — yS^ — ^0 , 

so it it given by Yoneda product with T. 

Via the isomorphism R/J = © Sy, the morphism t can be viewed as 

the direct sum of morphisms tx : Ext'^^~^{Sx, S^) — > Ext^'' (S'^, 5*^ ), where 
tx is given by composition with the sequence Tx obtained from T by the 
projection ttx to the summand Sx, i-e. by completing the diagram 

T : -©5? ^I/J ^Sf -0 

Xes 

TTX f 

Tx : Y . 

Now / is surjective, since hx and Id^c are. Since Sx is not a quotient of // J, 

it follows that F is a non-split extension of 5*^ by 5*^. Thus Y = Jc/xi^i^^)^ 
by Lemma 18.31 More precisely Tx is isomorphic to the sequence Dx of 
Lemma 18. 1[ 
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Moreover, by Corollary 18.21 the isomorphism 

is given by Yoneda composition with Dx- Hence the component index by 
X G 5 of the morphism 

X€S 

is given by composition with Tx = Dx^D*^, i.e. by Yoneda product with 7x, 
as claimed. 

Now the morphism : Exi^^^ ^^^{S^ , S^) —>■ Ext^^f^^^iS^ , S^) is com- 
posed of two steps : first, taking the image by the projection map q : I ^ S^, 
i.e. taking the Yoneda product with q G Ext^c(G')(Ind^S'f^, S'f), and then 
using the adjunction (Ind^,Res^), which gives a map 

^^^Mi{G)i-^ ^ ^i) ~ ^^^Mi{H)i^i ^ Res^S"^) = Ext|^c(jy)(5'f^, 5*^) . 

In other words, with the notation of Remark [3. 18^ for u G Ext'^^^^~^{Sf , Sf) 

r^{u) = a2j{u oq) = Res%{u) o ao{q) = Res^(u) , 

since the map ao{q) : — >• Res^S'f = obtained by adjunction is the 
identity map. Hence is induced by Res^, and this completes the proof. □ 

The following corollary is Theorem 11.21 of Section [1] : 

10.10. Corollary : Let G be an elementary abelian 2-group of rank m. 
Then the algebra Exti^c((^)(5'f , Sf) is finitely generated by the elements 7x, 
where X is a subgroup of order 2 of G. Its Poincare series 



Pit) 



^dim^ 



is equal to 



P{t) 



;i - t2)(l - 3t2)(l - 7t2) ... (1 - (2™-l - l)t2) 



Proof : By induction on m, the case m = being trivial. In Theorem 110.91 
one can assume that the algebra Ext* (5*^^, 5*1^) is generated by the ele- 
ments 7^, where X is a subgroup of order 2 of H. This means that for 
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n G N, any element in Ext^"(S'f^, 5*^) is a /c-linear combination of products 
of the form 

where Xi,. . . , X„ are subgroups of order 2 of H. 

Denote by V the fc-hnear subspace of Ext^"(5'f , ) generated by the 
similar products 7x^7x2 ' ' ■7x„- 

Now for X < H ,hy Proposition 13.14^ there are isomorphisms of functors 

Res^ o i^ij^ = Lg o \-G/x — Lgxg(g/x) , 

where G is viewed as an (if , G')-biset and G/X as a (G, G/X)-biset. Now 
Gxg {G/X) = (H/X) Xh/x (G/X) as (ii, G'/X)-bisets, thus 

r, G G H r, G/X 

ResH o ta/x = %/x ° ^^^h/x ■ 

It follows that Resg (^^^^ = (^^^^ . Similarly Resg = ^^^^ . Thus 

r§7x = because Res^ respects the Yoneda composition. 
It follows that 

iM, ■ ■ ■ 7l = rg(7f ,7x2 ■ ■ ■ 7l) , 
thus Ext2"(5f , ) = r + Kerrg. But 

Ker rg = 7(Ext^"-^(5f , S?)) = Ext^"-^(5f , Sf) o 7^ 

xe5 



and by induction on n, this shows that T = Ext2"(5f , 5f ) 

Denote by Pmit) the Poincare series of the algebra Extj^c(G)(>S'f , 5*^ ), 
where G is an elementary abelian 2-group of rank m. The short exact se- 
quence of Theorem I1U.9I gives the relation 

Pmit) = \<S\t'^Pm{t) + Pm-lit) ; 

and moreover \S\ = 2'"^^ — 1. Thus 

Pm{t) = Pm~l{t) 



1 _ (2'»-i - 1)^2 
and the claimed formula follows by induction on m. 
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10.11. Theorem : Let k be a field of characteristic 2, and G be an 
elementary abelian 2-group of rank m. 

1. [Samy Modeliar fTj] If m < 2, the group G is a poco group over k. 

2. If m > 3, the group G is not a poco group over k. More precisely, the 
simple functor of Ml{G) has exponential growth. 

For Assertion 2, observe that 



J m— 1 



(1 - t2)(l - 3t2) ... (1 - (2--1 - l)t2) 

Thus 




m—1 



niH \-nm-i=n j=l 

By CoroUaryEia since moreover Ext2"+i(5f , Sf) ^ Ext'^"^\Sf, 5f ) as sim- 
ple functors are self dual, it follows that 

dimfcExt2"+'(5f,5f) > (2'"-^ - 1)" , 

thus has exponential growth, by Lemma 12.31 if 2"*^^ — 1 > 1, i.e. if 
m > 3. □ 

Assertion 1 is trivial if m = 0. It is straightforward if m = 1 : since every 
/cG-module for a group G of order 2 is a permutation module, it follows that 
all the fixed points functors are projective in this case, so M^(G) has finite 
projective dimension in this case. 

For m = 2, M. Samy Modeliar has described explicit eventually peri- 
odic resolutions of the fixed points functors FPy, for all indecomposable kG- 
modules V. An alternative proof can be sketched as follows : the Poincare se- 
ries of Ext*(S'^, S^) is equal to in this case. It follows that Ext"(S'^, 5*^) 
is equal to {0} if n is odd, and one dimensional if n is even. If Q is a non 
trivial subgroup of G, then there is an exact sequence 

(10.12) — . © S^-^ ^liziS^'^iz) — 5§ ^ , 

where Z is a subgroup of order 2 of Q. Moreover ^G/zi^Q^z) finite 
projective dimension, since G/Z has order 2, and since Iq^^ is exact and 
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preserves projectives. It follows easily by induction on |(5| that there exists 
a constant cq such that dinifc Ext-'(5'Q, S^) < cq for any j G N. 

Thus dimkExV {Si , S^) < cr for any j G N, and any R < G. Using 
again the exact sequence 110.121 one can show by induction on \Q\ that for 
any Q,R< G, there is a constant cq^r such that dim/c Ext"'(S'Q, 5*^) < cq^r 
for any j G N. By Lemma 12.31 and Corollary 12. 6[ the group G is a poco 
group. □ 



11. The case of 2-groups of sectional rank at 
most 2 

11.1. Proposition : Let k be a field of characteristic 2, let G be a 2- 

group, and let H be a subgroup of index 2 of G. If the functor (over k) 
has polynomial growth, and if the functor has polynomial growth, for 

any X G Kg{H), then the functor has polynomial growth. 

Proof : Consider the functor / = Ind^S*^. By Proposition 18. 7[ there is a 
filtration 

/ D D 5 D {0} , 

where R is the radical and S is the socle of /, such that I/R = S = Sf, and 
R/ S = © Sx- This gives two short exact sequences in M^(G') 

Xe[G\KG(H)] 

(11.2) — — >R — > © — ^0 

Xe[G\KG(H)] 

(11.3) — >R — >I — — ^0 . 

Let M be a finitely generated cohomological Mackey functor for G over k. 
Applying the functor Homivic(G)(— , ^) to the sequence (111.21) gives the fol- 
lowing long exact sequence of Ext groups in M^(G) 

> © ExC{S^, M) — > Ext"(/?, M) — ^ Ext"(^f , M) — ^ ■ • • 

X(i[G\KG{H)] 

By Lemma 12. 5[ this gives 

< e„ + ^ ex,n , 

X(i[G\KG(H)] 

where r„ = dim^ Ext"(i?, M), ex,„ = dim^ Ext"(5f , M), for X G Kg{H), 
and Cn = dimfc Ext"(S'f , M). 
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Now applying the functor HomMC(G)(— , ^) to the sequence flll.3p gives 
the following long exact sequence of Ext groups in M^(G') 



Ext"(i?, M) — > Ext"+^(5f , M) — > Ext"+^(/, M) 



By Lemma 12.51 this gives 

where in = dimfc Ext"(/, M). Thus 

(11-4) e„+i < e„ + ( ^ ex,n) + ■ 

Xg[G\Kg{H)] 

Now = lnd$^^x)S?^^\ for any X G Kg{H), thus 

ex,„ = dimfc Ext;^c(c^(^))(55^^^\ Resg^(^)M) . 

Hence if S^'^^^^ has polynomial growth, there are constants cx, dx, and ex, 
such that 

Vn G N, ex,n < cxn'^'' + ex • 

Thus 

Vn G N, ^ ex,„ < Cn^ + ^ , 

X>^[G\Kg(H)] 

where C = Yl ^x, D = max dx, and E = ^x- 

X(^[G\Kg(H)] Xe[G\KG{H)] Xe[G\KG(H)] 

Similarly, 

in = dimk Ext;^c(^)(5f , ResgM) , 
so if has polynomial growth, there are constants c, d, and e such that 

Vn G N, i„ < era"' + e . 

Thus 

Vn G N, in+i <c|(n + 1)^^-11 +c + e<c(2n)'^ + c + e = c2V + c + e . 
Inequality 111.41 now gives 

Vn G N, e„+i < e„ + 7n'' + e 

where 7 = 02*^ + C, 5 = max(D,(i), and e = = c = e. By induction, it 
follows that 

n 

Vn G N, e„ < 7 ^ + rae + eo < 7^^^^ + ne + cq < (7 + e)?^^^^ + eo , 
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so 5*^ has polynomial growth. □ 

11.5. Theorem : Let k be a field of characteristic 2, and G be a 2- group 
of sectional 2-rank at most 2. Then G is a poco group over k. 

Proof : By induction on the order of G, one may assume that for any section 
{B,A) 7^ (G, 1), the group B/A is a poco group. By Corollary 12.61 proving 
that G is a poco group is equivalent to proving that for any subgroup Q of G, 
the simple functor Sq has polynomial growth. First consider the case where 
Q = 1. 

Let if be a subgroup of index 2 of G. Then if is a poco group by induction 
hypothesis. Similarly, if X G Kg{H) and Cg{X) ^ G, then Cg(X) is a poco 
group. Thus, if H has no central complement in G, by Proposition 111.11 
the functor has polynomial growth. This holds in particular if H has no 
complement at all in G, i.e. if H contains all involutions of G. Thus, if G 
is not generated by involutions, then has polynomial growth. So one can 
assume that G is generated by involutions. 

Now if H has some central complement X in G, then G = HxX. Since G 
has sectional 2-rank at most 2, the group H has sectional 2-rank at most 1, 
hence it is cyclic. Thus G is abelian, and generated by involutions, hence 
elementary abelian, and of sectional 2-rank at most 2. So the group G is 
elementary abelian of rank at most 2, and the results of Section [TO] show that 

has polynomial growth. 

In any case has polynomial growth. By induction on the order of Q, 
it follows that Sq has polynomial growth, for any subgroup Q of G : indeed, 
setting B = Ng{Q) and A = Lemma 16751 shows that 

where U is the set A\G, for its natural structure of {B/A,G)-hiset struc- 
ture. If {B,A) 7^ (G, 1), then S^j ^ has polynomial growth, hence Sq has 
polynomial growth, by Lemma 14.11 

So it remains to consider the case where {B,A) = {Q,l), i.e. the case 
where Q is a non trivial normal elementary abelian subgroup of G. Let Z be 
a subgroup of order 2 of Q H Z{G). 

By Proposition 18.51 there is a short exact sequence 

> © Sx ^ '^g/z('S'qC) ^ Sq ^ . 

Xe[G\KQ{Z)] 

By the induction hypothesis, all the functors 5"^, for X G Kq{Z), have poly- 
nomial growth. Moreover, the functor '^G/zi^Q^z) polynomial growth. 
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by Lemma 14. 1[ Hence 5*^ has polynomial growth, by Lemma 12.51 and this 
completes the proof. □ 



11.6. Remark : The 2-groups of sectional rank at most 1 are the cyclic 2- 
groups. In a recent preprint, Andersen, Oliver and Ventura have shown that 
the 2-groups of sectional rank 2 are the metacyclic 2-groups (see Lemma 10.2 
of [1]). For 2-groups of order at least 32, this also follows from a theorem of 
Blackburn (see [^2], or Satz 11.13 in [6j). 

II - Cohomology 

12. Extension of simple functors for elemen- 
tary abelian /^-groups 

In this section is a field of characteristic p, the group G = (Cp)^ is an 
elementary abelian p-group of rank m, in additive notation, and all the co- 
homological Mackey functors have values in fc-vector spaces. 

Recall from Notation 17.41 that 7x G Ext^c((^-)(5'f , S*^) is the element 
represented by the 2-fold extension 

- 5f _ (J) ^ (J) _ Sf _ . 

12.1. Notation : If G = (Cp)'" and x e G - {0}, set 7^ = 7^^.>. Thus 
7, eExt2(5f,Sf). 

12.2. Lemma : Let A be a ring. If L ^ M ^ N ^ {0} is a filtration of 
an A-module L, then the exact sequence 

— >N — >M — > L/N — > L/M — > 

obtained by splicing the short exact sequences 

A^ — - M L/N — - L/M — - 

M/N 




represents the zero class ofExt\{L/M,N). 
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Proof : There is a commutative diagram 




L/M- 



L/N ®L/M^^L/M- 







where i is the inclusion map, and p, q are projection maps. Moreover, the 
bottom sequence represents zero in Ext^(L/M, N), since the map (j^) is spht 
surjective. □ 



12.3. Lemma : Let G he an elementary ahelian p- group. If X andY are 
distinct subgroups of order p of G, set Q — XY . Then the sequences 







and 



S 



G 



SI 



nG 







represent opposite elements o/Ext^c(^g^(5'y, 5*^). 

Proof : Indeed, the sum of the corresponding elements in Ext^c(G)('S'y ? Sx) 
is represented by the sequence 



:i2A) 



s 



, 



where the functor Lx = ( \.a'^) is the Mackey functor for G over k whose 
values at 1, X and Q are equal to k, and other values are zero. The con- 
jugation maps for this functor are all identity maps (possibly zero), and the 
possibly non zero transfer and restriction maps are given in the following 
diagram 

LxiQ) = k 

4=1 

Lx{X) = k 
Lx{l) = k 
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It follows in particular that Sx is isomorphic to a subfunctor of Lx, and this 
yields an exact sequence 



:i2.5) 







qG qG 



G 



in MUG). 

The functor („g^g) is isomorphic to the dual Lt of Ly = ( \g'^) '■ its 
non zero values are at 1, y and Q, and they are equal to k. The conjugation 
maps for Ly are all identity maps (possibly zero), and the possibly non zero 
transfer and restriction maps are given in the following diagram 

L*y{Q) = k 
r«=0 



L*y{Y) = k 



There is an exact sequence 
(12.6) — >S^®S§ 



cG cG 
'^1 







in M^(G), and the exact sequence 112.41 is obtained by splicing the exact 
sequences 112.51 and 112.61 

Let Mx,Y denote the functor defined for if < G by Mx,y{H) = k if 
H G {1,X,Y,Q}, and by Mx,y{H) = {0} otherwise. The conjugation maps 
for Mx,Y are all identity maps (possibly zero), and the possibly non zero 
transfer and restriction maps for Mx,y are given in the following diagram 



Mx,Y{Q) = k 



[12.7) 



MxAX) = k 




M(Y) = k 



One checks easily that Mx,y is a cohomological Mackey functor for G over k, 
that Lx is a subfunctor of Mx,y (represented by the left half of diagram 1 12. 71) . 
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and that Ly is a quotient functor of Mx,y (represented by the right half 
of 112.71) . Hence there is a filtration 



Mx,Y dLx^S^D {0} , 

such that Mxy/Lx = and Mx,y/S^ = L^. Now Lemma [nH shows 
that the exact sequence 112.41 represents zero in Ext^c(g-)(S'y, S'^), and this 
completes the proof. □ 

12.8. Lemma : Let G be an elementary abelian p-group, and let Q < R 
be subgroups of G such that \R : Q\ = p^ . Let M denote the functor of 
Corollary \7.3\ Then there is a filtration M D J D S D {0}, where J is the 
radical of M and S is its socle. Moreover 

M/J = S% , 5^5g , J/M= © . 



Proof : Recall that Eg ^ is the subquotient of FP^ whose value ai H < G 
is equal to k if Q < H < R, and to zero otherwise. By Corollary I7.3[ the 
head of Eg ^ is simple, isomorphic to S^, and its socle is simple, isomorphic 
to Sq. In particular S < J. Moreover, ii H < G, then {J/S){H) is equal to 
zero, except if Q < H < R, and in this case {J/S){H) = k. It follows that 

J/M= © S'^ , 

Q<X<R 

as was to be shown. □ 



12.9. Proposition : Let G be an elementary abelian p-group, and Q be a 
subgroup of order p^ of G. Then for any subgroup Y of order p of Q 

[ ^ 7x,7y] = , 

1<X<Q 

in Ext^c(g)(S'^, S^), where [a, h] = ah — ha, for a,h E Ext^c(Q)(5'f , S^). 

Proof : Recall that if X is a subgroup of order p of G, the element 7x of 
Ext^c((^)(S'f , S^) is represented by the sequence 
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It follows that if Y is another subgroup of order p of G, the Yoneda product 
•JxIy is represented by the sequence 

. I '-'X \ / ^1 \ , '-'Y \ ^ '-'l \ , qG 



This sequence is obtained by splicing the following three exacts sequences : 



;i2,io) ^ ^ ^ (f] ^ s? 



By Lemma [1231 if = Qj i-G- if ^ ^ind Y are distinct subgroups of order p 
of Q, the sequence I12.1UI and the sequence 

(12.11) O^S^--(S)^(f)^S^^O 



oG \ qG 

>->X' \'~'n 



represent opposite elements of Ext|y/|c((^)(5'y , S^)- It follows that for a given 
subgroup Y of order p of Q 



( E 7x)7y = -( E /x,y)7y 

1<X<Q 1<X<Q 
X^Y X^Y 

where f^y is the element represented by the sequence 
/qG\ /qG\ /qG\ /qG\ 

'<G . r^X \ . "^Q \ . "^Y \ I '^1 \ ^ cG 



[so) - UiJ - [so) - [so) - — 

This in turn is the splice of the following two exact sequences 



(U?Y : ^ ^ (fj — (J) 
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The sum of the elements of Ext^c(g)(S'Q, 5^ ) represented by the se- 
quences Ux, for 1 < X < Q, is represented by the sequence 



G 



yG 



G 



Si 



s: 



G 



where 



^G 



has simple socle isomorphic to 5*^, and head isomorphic to 



Sn = © Sy, and ( \, ] is isomorphic to the dual of ( ^ | . By Lemma [l2.2l 

« i<x<Q Vs§; \sfj 



and Lemma Fl2.8[ it follows that 



1<X<Q 



. 



Hence ^ = — Uy, so 

1<X<Q 



\<X<Q 
X^tY 

This is represented by the sequence 







Si 



G 



qG 

5f 



qG 



which is obviously self dual. It follows that 
IxhY = {{ ^^^y) 



1Y( 



1<X<Q 
X=/=Y 



1<X<Q 
X=/=Y 



1<X<Q 
X=/=Y 



Si 



G 



Ixj 



Adding 7y to both side, this shows that 7y and Yl Ix commute, which 



completes the proof. 



\<X<Q 



13. The algebra ExtMC(G)(5'f , ) for G = (Cs)^ 

In this section fc is a field of characteristic 2, the group G = {C2)"^ is an 
elementary abelian 2-group of rank m, in additive notation, and all the co- 
homological Mackey functors have values in /c-vector spaces. 
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By Corollary [10111 and Notation [HUl the algebra Ext^c^ci^iSf^Sf) is 
generated by the elements 'jx of Ext'^^S^, Sf), for a: G G — {0}. 

13.1. Proposition : Let H be a subgroup of index 2 of G. Then 



^7^ = zn ExtMc(G)(5f,5f 



Proof : By Proposition 110. ll there is a filtration I D R D S D {0}, where 
/ = Indl^f , such that S^I/R^ S^, and i 



R/S 



nG 



where JC = Kg{H). By Lemma [12.21 the sequence 

— ^ — ^ R — ^I/S — ^ — > 

represents in Ext^(S'f , Sf). 

For each X G /C, the functors p^^j^^I), p^^-^{R), and p^^j^^I/S) are all 

isomorphic to S^^^ , since their non zero evaluation is at the trivial subgroup, 
where it is isomorphic to k. By adjunction, this gives morphisms 



Px ■ 



R and qx '■ I / S 



This gives a commutative diagram with exact lines 




where p is the sum of the maps px and q is the sum of the maps qx, for 
X G /C, where E is the summation map, and A the diagonal inclusion. The 
top line of this diagram is the direct sum of the sequences Tx, for X G /C 
(see Notation ED- 
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One checks easily that the top left square in this diagram is cocartesian, 
and that the bottom right square is cartesian. It follows that the bottom line 
represents the sum in Fjxt'^{Sf, S^) of the 2-fold extensions in the top line, 

i.e. the sum ^ ■jx- 

xeK. 

Hence this sum is equal to 0, i.e. equivalently Yl Ix = 0. □ 

13.2. Proof of Theorem II. 3i Let G = (C2)'" be an elementary abelian 
2-group of rank m, in additive notation, and A; be a field of characteristic 2. 
Denote by S the graded algebra Extil^c(Q)(S'f , 5"^). 

• By Corollary 110.101 and Notation 112.11 the algebra £ is generated by the 
elements 7^, for x G G — {0}, where has degree 2. 

Let X and y be distinct elements in G — {0}. Then x and y generate a 
subgroup Q of order 4 of G, and the non zero elements of Q are x, y, and 
X + y. By Proposition 112.91 the commutator 

['yx + 7y + 7x+y,7x+y] 

in £ is equal to 0. Equivalently 

(13.3) [^,+Jy,Jx + y]=0 . 

Now if if is a subgroup of index 2 of G, Proposition 113. ll shows that 

(13.4) E^- = 

x^H 

in S. 

• Conversely, let £ denote the graded associative fc-algebra with generators 
in degree 2, for x G G — {0}, subject to the relations 

( \/H <G, \G:H\ = 2, E 7x = , 

< x^H 

[ \/x,y EG- {0}, x^y, [% + %, %+y] = . 

Then there is a unique surjective homomorphism s :£—>■£ of graded k- 
algebras such that s(7x) = ■Jx, for all x G G — {0}. Thus showing that s 
is an isomorphism is equivalent to showing that for any integer n G N, the 
restriction s„ of s to the subspace £"„ of elements of degree n in £^ is an 
isomorphism onto the corresponding subspace £n of £. Since s„ is surjective, 
this amounts to showing that dim^f'^ < dim^i^^. 
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13.5. Lemma : Let B be an ¥2-basis of G. Then the set 

{%\xeG-{Bu{0})} 

is a k-basis of £2, o-nd $2 is an isomorphism. 

Proof : By Corollary [mO] 

dimfc^2 = (2^ - 1) + (2^ - 1) + . . . + (2'"-i _ 1) = 2^" - m - 1 . 

Thus dinifc S2 > 2"^ — m — 1, since S2 is surjective. As 2™ — m — 1 is precisely 
equal to the cardinality of G — (5 U {0}), it is enough to show that the 
subspace £2 '^^ ^2 generated by the elements 'jx, for x E G — {B L\ {0}), is 
equal to 82- 

Let b E B, and denote by H the subgroup of G generated by i? — {b}. 
Then \G : H\ = 2, so 

Since G — H = H + b, the only element oi G — H which is also in 5 is 6 itself. 
This gives 

yeH-{0} 

so 7ft e £2 • Since this holds for any b G B, and since 82 is the set of fc-linear 
combinations of elements 7^, for a; G G — {0}, it follows that £'2 = £2, as was 
to be shown. □ 

13.6. Notation : Fix a linear ordering bi < b2 < ■ ■ ■ < bm on B . If 

X E G — {0}, let dsix) denote the least integer i G {l,...,m} such that 
X G <bi, . . . , bi>. 

Then ds^x) = i if and only ii x = y + bi, for some y G <&i, . . . , &i-i>. 

13.7. Definition : Let n e N. // M 

— Ixxlx2 ■ ■ ■ Ixn ^ ^2n; where 

n 

Xi E G — {0} for 1 < i < n, set w{M) = '^dsixi). The monomial M 

i=l 

is called special if Xi G G — {B L\ {0}), for I < i < n, and ordered if 
dsixi) < dB^Xi^i), for 1 < i < n. 

13.8. Lemma: Let xi,. .. jXn be elements of G — {B L\ {0}) . Then for any 
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i G {1, . . . ,n — 1} such that dsixi) 7^ dsixi+i), the sum 

7x1 • • • 7a;i_i7xi7a;i+i7a;i+2 • • • 7a;„ + 7x1 • • • 7xi_i7xi+i 7x^7x^+2 • • • 7x„ 

is a linear combination of special monomials M' with w{M') > w{M). 

Proof : Since the assertion is symmetric in Xi and Xj+i, one can assume 
that r = dsixi) > dsixi+i) = s. In this case Xi = u + br, where u G 
<6i, . . . , br-i> — {0}, and Xj+i = v + bs, where v G <6i, . . . , bs-i> — {0}. 
Let t = Xi + Xi+i = {v + bs + u) + br, so = r. Now the relation 

[7x,+i +7t,7xJ = gives 

7x,7x,+i + 7x,+i7x, = 7t7x, + 7x.7t , 
so the sum in the lemma is equal to 

(13.9) S 7x1 • • • 7xi_i7t7xi7xi+2 • • • 7x„ + 7xi • • • 7xi_i7xi7t7xi_|.2 • • • 7x„ • 

li t ^ B, this is a sum of two special monomials M' with w{M') > w{M), 
for dB(t) = dsixi) > ^^(xj+i). And if t G -B, then t = br, so 

(13.10) 7t= 5^ %r+u , 

u£H-{0} 

where H is the subgroup of index 2 of G generated by 5 — {br}. But 
dsibr + u) > r, for any u E H. Replacing 7^ in 113.91 by the right hand side 
of 113.101 gives an expression of S" as a sum of special monomials M' with 
w{M') > w{M). □ 

13.11. Proposition : The set of special ordered monomials is a k-basis 
of S, and the map s is an isomorphism. 

Proof : This is equivalent to saying that for any n G N, the set of special 
ordered monomials of degree 2n is a fc-basis of £^2n, and that the map S2„ is 
an isomorphism. 

The first step consists in showing that the special ordered monomials of 
degree 2n generate S2n- In other words, using (113. lOp . any special monomial 

M = ^x,ix2 • • •7x„ 

should be equal to a linear combination of special ordered monomials of 
degree 2n. 

For such an arbitrary monomial w{M) < nm, and this allows for a proof 
by induction on j = nm — w{M) : if j = 0, then dsixi) = m, for 1 < i < n, 
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and the monomial M is a special ordered monomial, so there is nothing to 
prove. 

Otherwise, if M is not ordered, there is a least integer iG{l,...,n — 1} 
such that dsixi) > ^^(xj+i). By Lemma [13.8[ the monomial M is equal to 
the monomial obtained by exchanging 7^^. and 'jx.+i, up to a linear combi- 
nation of monomials M' with w{M') > w{M), which are equal to a linear 
combination of special ordered monomials, by induction hypothesis. 

By repeated application of this procedure, the term jxi+i can be moved 
to the left, until it sits between and 7xj+i such that 

(possibly i = 0, in which case ^Xi+i is moved to the first place on the left), 
and the monomial M is equal to the monomial 

1x11x2 ■ ■ ■ Ixjlxi + llxj + l ■ ■ ■ 1xi--i1xi1xiJ^2 • ■ ■ Ixn 

up to a linear combination of special ordered monomials. In this monomial, 
the i + 1 first values 

dsixi), dB{x2), deixj), dsixj+i) . . . , dsixi-i), dsixi) 

are linearly ordered. By induction on n — i, this monomial is is equal to a 
linear combination of special ordered monomials. This shows that the special 
ordered monomials of degree 2n generate S2n- 

The second step consists in counting the special ordered monomials : such 
a monomial is a product 

7a;jj + ...+j^_j + i • • • 7a;jj + ...+j„ 

V ' 

dB{xi)=Tn 

of ji elements 'jx with x G G — {B L\ {0}) and dsix) = 1, followed by 
j2 elements jx with x G G — {B L\ {0}) and dsix) = 2, and so on, up 
to a product of jm elements 7^; with x G G — (-B U {0}) and dsix) = m, 
where ji + j2 + ■ ■ ■ + jm = n. An element x of G — {B L\ {0}) such that 
dsix) = i is an element of the form y + bi, where y is a non zero element of 
<6i, . . . , 6j_i> — {0}. It follows that the number of special ordered monomials 
of degree 2n is equal to 

m 

ji+j2-\ \-jm=n i=l 



dB(xi)=l dB{xi)=2 
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The only element x in G — {0} with dsix) = 1 is 61 G -B, and this forces 
ji = 0. So the number of ordered monomials of degree 2n is equal to 

m— 1 

E 11(2^-1)' ' 

h+h-\ \-lm-i=n «=1 

where = ji+i, for 1 < i < m — 1. But this is precisely equal to the coefficient 
of the term of degree 2n in the Poincare series for S, by Corollary 110.101 It 
follows that dimfc£^2n < dimfc£^2n, hence dimfc£^2n = dimfc£^2n, and the map 
S2n is an isomorphism. This completes the proof of Corollary 113. Ill and also 
the proof of Theorem 11.31 □ 



14. Partial results for G = (C^)"', p>2 

Let G = (Cp)"* be an odd order elementary abelian p-group. The main 
difference with the case p = 2 is that Theorem 110.71 no longer holds, as can 
be seen from Theorem 16.21 : ii ip : G ^ is a. group homomorphism, let 
denote the /cG-module k (B k, where the G-action is defined by 

ygeG, y{x,y)ek'^, g{x,y) = {x + yip{g),y) , 

and let denote the unique Mackey functor for G over k such that T^{H) 
is equal to zero ii 1 ^ H < G, and such that T^{1) = E^. Then is a 
cohomological Mackey functor, and there is a non split exact sequence 

^ 5f — > 5f — , 

whose class is an element G Ext^c((j)(S'f , S^). 

If X is a subgroup of order p of G, recall that there is a 2-fold extension 
Ext^c(G)('S'f , Sf) represented by the short exact sequence 




In this case, I propose the following conjecture : 

14.1. Conjecture : Let k be afield of odd characteristic p , andG = (Gp)^. 
Then : 

1. The algebra £ = Exti^c((^-)(5'f , 5*^) is generated by the elements in 
degree 1, for ip G YiovniiG , k^) , and by the elements 7^ in degree 2, 
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forX <G with \X\ =p. 
2. The Poincare series for S is equal to 

1 



(1 - - t - (1 - t - (p2-l)t2) . . . (1 _ t _ (p»n-l-l)t2) 



14.2. Theorem : Conjecture \14-1\ is true for p = 3. 



Proof : If G = 1, i.e. if m = 0, there is nothing to prove. By induction 
on m, one can assume that the resuh holds for any elementary abelian p- 
group of rank smaller than m. Let if be a subgroup of index p of G, let T 
be a complement of H in G, and set X = Kg{H) — {T}. By Corollary 110.31 
there is a long exact sequence in M^(G') of the form 
(14.3) 

-L(n-l)© © EGin-2) ^Ecin) "-^^^ Euiji) 

^L{n) ® © Ecin - 1) ^ Eo^n + 1) Euiji + 1) ^ ■ ■ • , 

x<^x 

where Ecin) = Y.^t^^.^^^^{St S^) , Enin) = Ext;^.(^)(^f , ), L{n) = 
Ext;^c(f.)(L,^f), and X = Kg{H) - {T}. Recall from Proposition [O that 
L is a functor all of whose composition factors are isomorphic to S*^, with 
multiplicity p ~ 2. Thus if p = 3, the functor L is isomorphic to S^, and it 
follows that L{n) = Ecin), for any n G N. 

It is easy to see that the map L{n—1) — > Eg{ji) in Sequence 114.31 consists 
in taking Yoneda product with the sequence 

(14.4) — >L — > M — — ^0 

obtained by taking the image of the sequence 

— > R/J — >I/J — > — >(} 



of Proposition 110.11 under the split surjection R/ J L. 

On the other hand, the map Eoin — 2) ^ Ecin) from the component 
indexed by X G A" is equal to the Yoneda product by 7^, by the argument 
given in the proof Theorem 110.91 

The map r„ in Sequence 114.31 is induced by restriction from G to if, 
also by the argument used in the proof of Theorem 110.91 In particular, it is 
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compatible with the Yoneda product. By induction hypothesis, any element 
in Enin) is a linear combination of Yoneda products of elements and 
elements 7y , where ^ Homz(if, k~^) and Y < H with |y | = p. 

To show that r„ is surjective, it suffices to show that for any such ip, there 
exists ip G Homz(G, /c"*") such that = ri{T^), and that for any such Y, 
there exists X < G with |X| = p, such that 7y = r2{'Jx)- For the latter, the 
argument of the proof of Corollary 110.101 applies, and one can take X = Y. 
Now if G B.omz{H, k~^), there exists (/? G Homz(G, A;^) whose restriction 
to H is equal to ip, and it is straightforward to check that the restriction 
to H of the extension defining is isomorphic to . It follows that 
ri(r^) = , so r„ is surjective, for any n G N. Actually this proves more : 
the submodule Eq^h) of Eciji) generated by products of elements and 7^ 
maps surjectively by r„ on Enin). Thus EqIu) + Kerr„ = Edn). 

Finally, in the case p = 3, the long exact sequence 114.31 splits as a series 
of short ones 

(14.5) — > Ecin - 1) © © Ecin - 2) — > Edn) ^ Enin) — > . 

The image of each component E^n — 2) in Ecin) is obtained by taking 
Yoneda product with some 7^, and the image of Eciji — 1) is obtained by 
taking the Yoneda product with the sequence 114.41 which for p = 3, is of the 
form 

— > — > M — — ^ . 

It follows easily that it is isomorphic to a sequence T^, where if G Homz(G, fc"*") 
has kernel H . So the image of EG{n — 1) in Ecin) is obtained by taking 
Yoneda product with t^. 

An easy induction argument now shows that the kernel of r„ is contained 
in Eq^u), so Eq^u) = Ecin), completing the inductive step for Assertion 1 
of Conjecture 114. 1[ 

Assertion 2 now follows from Sequence 114.51 : this sequence shows that 
if Pmif) denotes the Poincare series for the algebra Ext^c((j)(S'^, S'f ), where 
G = (Cp)'", then 

Emit) = tP^t) + \X\t^PUt) + Pm-lit) . 

Thus 

p it) = Prn-ljt) 

and Assertion 2 follows easily by induction. □ 

14.6. Remark : The main reason for proposing Conjecture 114.11 apart 
from Theorem 114.21 is a computer calculation for p = 5 or p = 7, using GAP 
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software (http : / / www . gap-system . org) , showing that the terms of lower 
degree of the Poincare series for the algebra Extil^c(g-)(S'^, S^) (up to degree 5 
for p = 5 and m = 2) predicted by Assertion 2 of Conjecture 114.11 



15. More on extension of simple functors 



15.1. Proposition : Let k be a field of characteristic p , and G be a finite 
p-group. Let Q and R be normal subgroups of G, and set N = [Q,R]. Then 
for each n G N, the functor Pq/j^ induces an isomorphism 



Proof : By induction on the order of : if is trivial, there is nothing 
to show. Otherwise, the subgroup A^ is a non-trivial normal subgroup of G, 
contained in Q H i?, so A^ contains a central subgroup Z of order p of G. If 
X is a complement of Z in Q, then for any n E N 

^^^Mi{G)i^x^ Sr) — Ext]J,c(c')(Ind^^(jf)S'^^^ \ '5'^) 

^ P,Yt" /qNaiX) -D G qG\ 

and Res%^^x)SR = {0} if R ^ A'g(X), by Lemma O But if < Ng{X), 
then [R, X] < X, hence [R, Q] < X, for Q = X ■ Z and Z < Z{G). It follows 
that Z < X, and this contradiction shows that ExtJ^c((^-)(S'^, S"^) = {0} for 
any X G Kq{Z). Then by Theorem 18.61 for any n G N, the map 

7r„ : ExtjJ|c(Q)(5'Q, S%) >ExtJ^c((j)(5'^, 5*^) 

induced by p^/z isomorphism. Now Q and R are normal subgroups 

of G, and [Q,R] = [Q,R]/Z has order smaller that |A^|. By induction, the 
functor p^/^ induces an isomorphism 

and the result follows by composition with 7r„, since p^/^ o Pg/z ~ Pg/n- ^ 
The following result shows that for a p-group G and a field k of character- 
istic p, the computation of extension groups Extl^cj^^^^SQ, S'^) comes down 
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to the case where Q and R are elementary abehan normal subgroups of G, 
which centralize each other. First a notation : 

15.2. Notation : Let G be a finite p-group. If Q and R are subgroups 
ofG, set 

s^,Q -{9^G\ m) ■ ^$(Q) • [R, ^Q]<Rn ^g} . 

Denote by Sj^ q the set of [Nc{R), Ng{Q))- double cosets in S^q, and by 

q] a set of representatives ofS^Q. 

Let N = N U {00} he the linearly ordered set obtained by adding to H a 
largest element 00. Denote by ug{RiQ) ^ lh<^ element defined by 

P^g{R,Q) ^ min \R-^Q : Rn^Q\ = niin \R-^Q : Rn^Q\ , 
if S^Q ^ 0; and by vg{Ri Q) — 00 otherwise. 

15.3. Theorem : Let k be a field of characteristic p, let G be a finite 
p-group, and let Q and R be subgroups of G. Then for g e «5^,q •' 

1. the groups R and normalize each other. 

2. the group ^{R) ■ • [R^^Q] is equal to ^R-^Q). 

3. the groups R = R/^{R-^Q) and aQ = 9Q/^(^ji.9Q^ are elementary 
abelian normal subgroups of Ng{R,^Q) — Ng{R,^Q) /^{R-^Q) , which 
centralize each other. 

Moreover for any j e N, 

E^t^.^G)iSQ,SR)= © Ext^c(^^(«,.Q))('5,Q ), 

Proof : If 5^ e S^q, then [R,^Q] < Rn'^Q, so R and normalize each 
other. Let T = • 3$(g) • [R,9Q]. Then the groups R/T and ^?g/T are 
elementary abelian subgroups of Ng{R,^Q)/T, which centrahze each other. 
Thus {R-aQ)/T is elementary abehan, and T > ^{R-3Q). 

Conversely < ^{R-^Q), since R-^Q is a p-group, and similarly 

$(sg) = 9<|,(g) < $(i?.sg). Moreover [R,3Q] < [R-^Q,R-^Q] < ^R-^Q), 
so finally T < $(i?-»g), hence T = $(i?-»g). Now R = R/T and H^ = aQ/T 
are elementary abelian normal subgroups of Ng{R, ^Q), which centralize each 
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other. 

Set A = $(Q) and B = NdQ). Set similarly C = ^{R) and D = NdR). 
Then Sq = Ind^«|^^ (S'g^^) and 5"^ = Ind§j£^^(S'^^^^), by Lemma and 
Corollary 16.61 Thus, by Proposition 13.161 for any j G N, 

^^C^(G)('^Q' - '^^^MiiD/c) (Pz)/cR'esglnd|«|/^(S'g^^), 5"^/^) • 
Now by Proposition 13.271 

P^n/c^es%lnd^,^^,,ASSji)^ ^^^^^^^^^^ , 
where 

D = D/C, Dy = {Dn^B)C/C, Cg = {Dn^A)C/C , 

B = B/A, Bg = {D^ n B)A/A, Ag = {C^ n B)A/A , 

and where fg : Bg/Ag — > Dg/Cg is the group isomorphism sending xAg to 
^xCg, for X e D^nB. 

By Lemma 16171 the functor p^\-r Resf (•S'f^/^) is isomorphic to the direct 

sum of the simple functors 5"^^ " corresponding to subgroup X such that 

XjA is conjugate to Q = QjA in BjA^ up to conjugation by Bg/Ag. Since 
Q <B, the only possible such subgroup is Q itself, if < Q < -B^. This 
gives 

Ext;.(a)(^Q,^H)= Ext;.(5)(lnd|%;/c,I^°(/.)(4f^)'^H/c) • 

3_G[D\G/_B] 

Ag<Q<Bg 

By adjunction, this gives 

E<.(^)(5q,5^)^ Ext;.(^^(lso(/J(5|;/^^),p5/^Res|(5f)) , 

Ag<Q<Bg 

where R = R/C. By the same argument, the functor P^^^^ Res^ ('^i') 

— — — D /C 

equal to zero, unless C „ < R < D„, in which case it is isomorphic to \ 
Thus 

Ext;.(^)(5g,5^)^ Ext;.^^^/^^^(lso(/,)(4«/^«),5?;/f^) . 

3e[D\G/_B] 
49<Q<-Bs 

Cg<R<Dg 

62 



Now the condition Q < Bg is equivalent to Q < {D^ fl B)A, i.e. to Q = 
A{D3 n Q), i.e. to D9 nQ = Q, since A = $(Q). In other words Q < D^. 
Similarly, the condition R < Dg is equivalent to i? < {D n ^B)C, i.e. to 
R = {Rn 3B)C, i.e. to R = Rn^B, since C = ^(R). In other words 
R<9B. 

Then the condition Ag < Q is equivalent to (1 B < Q. Since moreover 
C9 < < S, it follows that _C'^? n B_= < Q. 

Similarly, the condition Cg < R is equivalent to D Ci ^A < R. But 
9A<sQ < D, thus Dn3A = 3A< R. 

In this situation 

Dg = {Dn ^B)/C, Cg = ^A-C/C, Bg = [D^ n B)/A, Ag = C^-A/A , 
and the isomorphism 

fg : Bg/Ag = {D^ R ^ ) / ( " ^ ) ^ (D H ^ B) / {C A) = Dg/Cg 

is induced by conjugation by g. In particular fg{Q/Ag) = ^Q/{C-^A), thus 
finally 

P^fi (Q C ^ ~ m F^fi (c^{Dn^B)/{C-!>A) ^{Dn^B)/{C■<^A)^ 

^^^Ml(G)y'^Q^ '^li) ~ ^g^^^Ml({Dn3B)/(C-3A))W3Q/(C-sA) ^'^R/{C-3A) ) ' 

where 

S = {g e[D\G/B]\C-^A< Rn^Q < R-'^Q < Dn^B} 
= {ge [D\G/B] I C-^A ■ [R, V]<Rn 'Q} = [sIq] ■ 



Moreover, by Proposition 115.11 for g & S, the group 

p. j /^{DnfB)/{C-SA) MDn'^B)/{ 

^■^^Ml{{Dn9B)/{C-aA))W9Q/{C-3A) ' ^i?/(C-9A) 



is isomorphic to 

U (qNg{R,0Q) QiVG(i?,9Q) 

and this completes the proof. 



15.4. Proposition : Let k he a field of characteristic p, let G be a finite 
p-group, and let Q and R be subgroups of G. Then 



n<UG{R,Q) Ext;^.(G)(^g,5f) = {0} 
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Proof : If ug{R, Q) = oo, i.e. if S^q = 0, then Ext;^c(G)(5Q, ^g) = {0} for 
any n G N, by Theorem II 5. 3[ So one can assume z/g(-R, Q) G N. 

The result is trivial if G = 1, so by induction on |G|, one can assume 
that it holds for any group of order less than The group G being 

given with this property, one can proceed by induction on n, to show that 
Ext^c^f;) (S'q, S'^) = {0} if Q and R are subgroups of G with i^aiR, Q) > 
This starts with the case n = —1, where there is nothing to prove, since 
i^aiR, Q)>0 and Exf^.^^^^iS^, S^) = {0} for n < 0. 

For the inductive step, let n > 0, let Q and R be subgroups of G such 
that ug{R,Q) > n, and let g e S^q. Then the index \R-9Q : Rn^Ql 
is equal to the index \R'-Q' : R' f] where R' = i?/($(i?)-3$(Q)) and 
Q' = By Theorem [lEBl and by induction hypothesis 

on G, it suffices to consider the case where Q and R are elementary abelian 
normal subgroups of G, which centralize each other. 

In this case, set j = ug{R,Q), so = \R-Q : RnQ\. li Q n R ^ 1, 
let Z he a subgroup of order p of Q H Rn Z{G). By Theorem 18.61 for any 
integer n, there is a short exact sequence 

^©^ExtJJ|c(g-)(S'^, S"^) — > ExtfJic(-(^)(S'Q, S*^) — >• Ext^c(-c)(5'^, 5'^) — ^ , 

where /C is a set of representatives of G-conjugacy classes of complements 
of Z in Q, and Q and R denote Q /Z and R/Z, respectively. 

If X e /C, since i? < G, the set Ng{X)\G/Ng{R) has cardinality 1. More- 
over XnR^QnR, since Z < Q f] R a.nd Z ^ X, so \Q n R : X n R\ = p, 
and 

\X.R:XnR\= =P^-+^ . 

' ' p\xnR\^ ^ 

In other words vg{R,X) = j + 1 > n - 1, so Exi'^\(.^{S'^ , S'^) = {0} by 
induction hypothesis on n. 

On the other hand ExtJ^c^g^(5'2, 5*2) = since n < j, by induction 

hypothesis on |G|. It follows that ExtJ^c (^^(S'q, S^) = {0}. 

It remains to consider the case where QnR = 1. Since vg^R-, Q) > n > 0, 
it follows that at least one of the groups Q or i? is non trivial. By symmetry 
on Q and R, one can assume that Q ^ 1, and choose a subgroup Z of order p 
in QnZ(G). 

Now for any n eN 

ExtM^(G) (^G/z('S'q/^), 5'^) — ^^^MI{G/Z){Sq''/Z^ PG/zi^R.)) = W ' 
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by Proposition 16. 7^ since Z R. Applying HomMC(G)(— , "S*^) to the first 
exact sequence of Proposition 18.51 gives the isomorphisms 

(15.5) Ext;^.(^)(5g, S%) - ^©^Ext;^^[^)(5^, S%) , 

for any n G N, where /C is a set of representatives of G-conjugacy classes of 
complements of Z in Q. 

Let X G /C, and set / = vciR^X). Then 

= \X-R ■.XnR\ = \X-R\ = \X\\R\ , 

so / = J — 1. 

If 72 < j, then n — 1 < I, hence Ext'^^^^^-^ {S^,S^) = {0} by induction 

hypothesis on n. It follows that ExtJJ|c (g.) (S'g, S'lj) = {0}, as was to be 
shown. □ 

15.6. Notation : Let Q be an elementary abelian p-group. Denote 
by St{Q) the only non-zero reduced integral homology group of the poset]!, Q[ 
of proper non trivial subgroups of Q, ordered by inclusion. 

It is well known (see e.g. |3j) that, if Q has rank r, then St((5) = 

(2) 

Hr-2i]'^, Q[, is isomorphic to . The automorphism group A = GL(r, ¥p) 
of Q acts on St(Q), and the module St(Q) is isomorphic to the Steinberg mod- 
ule of A. The restriction of St{Q) to a Sylow p-subgroup P of A is a free 
ZP-module of rank 1. 

When G is an elementary abelian p-group, the following theorem was 
proved by Tambara (^ Theorem 4.1) : 

15.7. Theorem : Let k be a field of characteristic p, and G be a finite 
p-group. Let Q be an elementary abelian normal subgroup of rank q of G, 
and H be a subgroup of rank h of Q. Then I'dH, Q) = q — h and : 

1. There is a group isomorphism 

( qG\ ~ T^^i-Q-h ( qNG{H)/H nNG(H)/H^ 

'^^^Ml{G)y'^Q^ '^HJ — ^^^MliNG{H)/H)y'-'Q/H ^"^H/H I ■ 

2. These groups are isomorphic to the space of coinvariants 
fcSt(Q/iJ)^^(H) ofNciH) onk0^St{Q/H). 

3. Let H = Hq < Hi < . . . < Hq^h = Q be a maximal Ng{H) -invariant 
flag. Then Ext^l'^g^(5'Q, S*^) has a k-basis indexed by the Ng{H)- 
conjugacy classes of flags Xi > X2 > . . . > Xq^h~i of Q such that 
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Xi + Hi = Q and XiH Hi = H , for l<i<q — h — 1. In particular 



where Zg{H,Q) = {g & G \ [g,Q] < H} (in other words Zg{H,Q) is 
the preimage in Ng{H) of the centralizer ofQ/H in Ng{H)/H). 

Proof : Since H < Q and ^{Q) = 1, it follows that ^{H)^{Q)[H, Q] = 1 < 
HnQ, so lyciH^Q) < oo. Moreover p''o(H,Q) ^ Q n H\ = \Q : H\, 

since Q <G, so i^aiH, Q) = q — h. 
For Assertion 1, observe first that 

for any n E N, and Vng{H){.H,Q) = q — h since Q ^Ng{H). By induction 
on IGI, if Ng{H) < G, there is an isomorphism 

p^.n (qNoiH) qNGiH).r^j^ n (qNG{H)/H qNG{H)/H. 

^^^UI(Ng{H))WQ -.^H ) — ^^^UI{Ng(H)/H)Wq/H i'^H/H I ' 

so one can suppose H <G. 

li H = 1, there is nothing to prove. Otherwise, let Z be a subgroup of 
order p of if fl Z{G). By Theorem 18. 6^ there is an exact sequence 

in M^(G), where /C is a set of representatives of G-conjugacy classes of com- 
plements of Z in Q, and overlines denote quotients by Z. If X G /C, then 

r^a(H,x) ^ 1^.^ :XnH\= ,|^"fj,^ = = f-'^~'\H :XnH\' . 

' ' |xnif|2 p\xnH\^ ' ' 



Since Z < H and Z n X = 1, it follows that H ^X, thus \H : X n H\ = p, 
and I'ci.H, X) = q — h + 1. By Proposition 115.41 the group Ext^'^^|(5'^, 5*^) 
is equal to zero. Hence the map TCg^h is an isomorphism. By induction on 
the the order of G, there is an isomorphism 

rp^-j-iJ-^ ( qG qG\ ~ p^-j-'J-'i fqG/H qG/H^ 
Ml{G)^ Q' H' ~ ^^^Ml{G/H)y'-'Q/H^ '-'h/h) ' 

which completes the proof of Assertion 1. 

It follows that for Assertions 2 and 3, it suffices to consider the case 
H = 1, i.e. h = 0. In this case Hi <G, hi < i < q. li q = 0, i.e. if Q = 1, 
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there is nothing to prove, since Extf^c(^Qj{Sf, Sf) = k. This allows to start a 
proof by induction on q. 

If g > 0, by Proposition 18.51 there is an exact sequence 

where /C is a set of representatives of G-conjugacy classes of complements 
of Hi in Q. Since P%ih^{,S^) = {0}, this gives an isomorphism 

Moreover, for Xi G /C, 

TP ( qG cGN ~ ( qXaiXl) qNGiXl)^ 

The flag 1 < H2 n Xi < n Xi < . . . < Hq_i n Xi < Xi is a maximal 
A'"G(Xi)-invariant flag in Xi. By induction hypothesis, the space 

T^^^-g-l (qNaiXi) qNaiX^)-, 

has a /c-basis indexed by XG(Xi)-conjugacy classes of flags 

X2 > X3 > . . . > 

such that Xi © (ifj n Xi) = Xi, for 2 < i < g - 1. Equivalently X2 < Xi, 
and Xi ® Hi = Q, ioi 2 < i < q - I. 

Now Xi runs through a set of representatives of G-conjugacy classes of 
complements of Hi in Q, and X2 > . . . > Xg_i runs through a set of repre- 
sentatives of XG(Xi)-conjugacy classes of flags such that Xi Q) Hi = Q, for 
2 < i < q — 1. Equivalently Xi > X2 > . . . > Xg_i runs through a set of 
conjugacy classes of flags of Q such that Xj © ifj = Q, for 1 < z < g — 1. 
This completes the inductive step, and the first part of Assertion 3 follows. 

Now the stabilizer C in G of a flag Xi > X2 > . . . > Xq_i such that 
Xj © i^j = Q, for 1 < i < g — 1 stabilizes two opposite maximal flags of Q. 
Since G is a p-group, it follows that the image of G in the automorphism 
group of Q is trivial (since it consists of matrices which are both upper and 
lower triangular with I's on the diagonal). In other words G = Cg{Q)- 

There are p^'^ maximal flags opposite to a given maximal flag in Q, and 
the cardinahty of each G-conjugacy class of such flags is |G : Cg{Q)\- This 
completes the proof of Assertion 3. 

Assertion 2 follows from the fact that A;St(Q) has a fc-basis indexed by 
maximal flags opposite to a given G- invariant maximal flag of Q, and this 
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basis is permuted by G (see [3] for details). In other words k'^t{Q) is a free 
A; (G'/Cg(Q)) -module. □ 
Together with Theorem 115. 3^ the following theorem allows to compute 
any extension group between simple functors for a p-group G, from the self 
extension groups for the simple functor , where C runs through some 
sub quotients of G : 

15.8. Theorem : Let k he a field of characteristic p, let G be a finite p- 
group, and let Q and R he elementary abelian normal subgroups of G which 
centralize each other. Let q denote the rank of Q and r the rank of R. 

1. For any n G N, the group Ext c Sg, S^) is isomorphic to 

( \ 



H<QnR 

\ Tank{H)=h / 



G 



where Zh = Zg{H,Q-R)/H = {g e G \ [g,Q-R] < H]/H, and the 
G-subscript denotes the space of coinvariants. 

2. In particular, the dimension of the space Ext]J^c(Q)(S'Q, S^) is equal to 
g \NaiHy.ZaiH,Q.R)\ "^'"^^ Ext-g--(5f^ ^f^) . 

H<QnR, mod.G 
rank(//)=h 



Proof : For Assertion 1, when Q and R are both trivial, there is nothing to 
prove. This allows for a proof by induction on |(5||-R|. By symmetry on Q 
and R, one can assume that Q 1, and choose a subgroup Z of order p of 
Q n Z{G). There are two cases : 

• if Z ^ R, then Pq/z{Sr) = {0} by Lemma [UTt and the exact sequence of 
Proposition 18.51 gives isomorphisms 

for any n G N, where /C = [G\Kq{Z)] is a set of representatives of G conju- 
gacy classes of complements of Z in Q. Now for each X G /C 
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Since |^||-R| = by induction hypothesis, this group is isomorphic 

to 



. H<xnR . 

\ rank(H)=/i / 



JVg(X) 



where x — q — 1 is the rank of X, and 

Z§ = {ge NciX) I [g,X-R] < H}/H . 

But a g eG, then [g, X-R] < H if and only if [g, Q-R] < H, since Q = X-Z 
and Z < Z{G). And if [g, Q-R] < H, then 

[g,X]<[g,Q]<[g,Q.R]<H<X , 

so g & Ng{X). It foUows that 

Z§^{geG\ [g,Q-R] < H}/H = Zh . 

Finally, the group ExtJ^c((5)(5'Q, 5"^) is isomorphic to 

/ \ 

© © A;St {R/H) ®k Ext^tJ^r'l-^f > -^f ) ®k kSt (X/H) 
xeKqiz) iieN "'ky^H) 

H<xnR 

\ rank(i7)=/i / q 

Exchanging the order of summation, this gives 

/ \ 

© A;St(i?/iJ)©fcExt;^tS:P('5f''''5i^'')®fc ( ® kSt{X/H)) 



G 



Now Zr\E = 1 since Zr\R = 1, hence the conditions X e Kq{Z) and X > H 
are equivalent to X\ZH) = Q and X n {ZH) = H, i.e. to < X < Q and 
X/H e Kqih{ZH/H). By classical combinatorial results, 

© kSt{X/H) ^ St{Q/H) , 

X/HeKQ/„{ZH/H) 
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thus Extf^c(c')(S'Q, 5*1^) is isomorphic to 

/ \ 

kSt{R/H) Ext;^-t?5^p7Sf^, S^") ®fc kStiQ/H) 



/i6N 
H<Qr\R 
\ Tank{H)=h 



as was to be shown. 



G 



li Z < R, then by Theorem 18.61 for any n eN, there is an exact sequence 



in Ml{G), where K. = [G\Kq{Z)] as above, and overhnes denote quotients 
by Z. It follows that Ext;^.(G)(5^, ^g) = S © Ext;^.(5)(^g, ). 

The same argument as above shows that the space E is isomorphic to 
(15.9) 

/ \ 



H<QnR,Hnz=i 

rs.nk{H)=h 



kSt{R/H) 0k Ext;^-tg;;-75f^, S^") ®fe kSt{Q/H) 



J 



G 



On the other hand, by induction hypothesis, the space Ext'^^^^^{S^, S^) is 
isomorphic to 



/ 



_ff<Qn_R 

\ ra.nk{H)=h 



kSt{R/H) 0k Ext;^t(J:f-"(5f^, Sf^) 0k kSt{Q/H) 



Jg 



where q = q — 1 and f = r — 1. Summing over H is equivalent to summing 
over H < Q n R with H > Z. If H has rank h, then H = H/Z has rank 
h = h — 1, and n + 2h — q — f = n + 2h~q — r. Moreover R/ H = R/ H, and 
Q/H^Q/H. Also 



Zjj = {geG\ [g, Q-R] < H}/H ^{gEG\[g, Q-R] < H}/H = Zh 
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Thus Ext'^^^Q^{S^, S^) is isomorphic to 
(15.10) 

/ \ 

© kSt{R/H) (g)k Ext"t?5"r'('5f''' •^f'') ®fc kSt{Q/H) 

h£N '^^ ^' 

Z<H<Qr\R 

\ rank(H)=/i / 



G 



Now the direct sum of 115.91 and 115.101 is isomorphic to the expression in 
Theorem 1 15. 8 [ as was to be shown for Assertion 1. 

It follows that the dimension of the space ExtJ^c(Q)(S'Q, S^) is equal to 



dimfc (kSt{R/H) ®, Ext;^tg;f (Sf^, S^") ®, kSt{G/H)) 



heN 
H<QnR, mod.G 
Tanh{H)=h 



J Ng{H) 



The image of the group Ng{H) in the automorphism group of R/H is iso- 
morphic to Ng{H)/Zg{H,R), and kSt{R/H) is a free kNci^H) / Zg{H, R)- 
module. Similarly the module kSt{Q/H) is a free kNc^H) / Zg{H, (5)-module. 
It follows that the module V = kSt{R/H) 0k kSt{Q/H) is a free kNG{H)/Z- 
module, where Z = Zg{H, R) n Zg{H, Q) = Zg{H, Q-R). 
Moreover since Zh = Z/H, the group Z acts trivially on 

iy = Ext"4g;P(5f-,5f-) , 

so is a kNG^H) / Z-modvle. Hence V ®W is a. free kNc^H) / Z-modvXe, 

and it follows that ArnvkiV ®W)n^(^h) = ' "^^ich completes the 

proof of Assertion 2. □ 

In the case where G is elementary abelian, the following has been proved 
by Tambara ([8] Theorem B) : 

15.11. Corollary : Let k he a field of characteristic p, let G be a finite 
p-group, and let Q and R be subgroups of G, such that z/g(/2, Q) < oo. Then 
Ext'^}l^'^\SQ , S^) is isomorphic to 



kSt(R/(Rn^Q)) ®fe kSt(3Q/(Rn'^Q)) 

where M^^n = {g E [S^^q] I \R-'Q ■■R^'Q\= 

In particular ug{R, Q) = niin{n e N | ExtMc(c')(S'^, S^) 7^ {0}}. 
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Proof : If n < vg{R, Q), then ExQc^(j){S§, S^) = {0}, by Proposition [1231 

Q 

Suppose that n = vg{RiQ)i and let g G such that, with the notation 
of Theorem 115.31 

It follows that > p''^G(R,'Q)^^''^'> = \R.9Q : Rn^Ql > p^g{R,Q) _ Hence 

Moreover, in the expression of ExtJ^,^^^^^ (5'^^^^''''^^ g^G{R,'>Q)^^ ^^^^^ 

by Theorem 115.81 the non zero terms correspond to subgroups H of R f] sQ 
such that n + 2h — q — r > 0, where h, q, and r are the ranks of H, sQ and R 
respectively. Thus 

\H\^ > |9'g||i?|/p" = |^'Q||^||/|i?-^'Q| = \Rn^\^ . 

It follows that H = Rr]9Q, that R/H = R/RnsQ, that 9Q/H = BQ/Rn^Q, 
and that n + 2h — q — r = 0, so Ext^c(^^)(S'f^, S^") = k. This completes 
the proof. □ 

15.12. Remark : Let G be an abelian p-group, and Q, R be elementary 
abelian subgroups of G, of rank q and r, respectively. In this case, by Asser- 
tion 1 of Theorem 115.31 the group ExtfJ|c(-Q)(S'Q, Sj() is isomorphic to 

© kStiR/H) (g)k Ext"t'^7^7(5f/^, 5f ®fc kStiQ/H) . 

H<QnR 
rank(_ff)=/i 

Fix H < Q n R, of rank h, and denote by i the inclusion map 

kSt{R/H) ®, Ext^tg7^7(5f/^, ®, kSt{Q/H) ^ Ext;^.(G)(^g, 

It is easy to check that this map can be explicitly described as follows : if 
y e kStiR/H) = Ext;,-.^^)(^g,^g), if e G Ext^+^Jy^^l^f /^), and if 

X G kSt{Q/H) = Ext1^c^^Q~^{SQ , S^), then i{y ® e® x) is equal to the Yoneda 

composition y o Inf^yj^^e o x. 

In terms of morphisms in the derived category of M^(G), it means that 
any morphism from 5*^ to some translate of 5*^ is a linear combination of 
morphisms which factor through a morphism of the form Inf^^ji^e, where 

H < Q n R, and e is a morphism from S^^^ to some of its translate. 

In the case p = 2 and G is elementary abelian, this leads to an explicit 
description of all the Yoneda products of extensions of simple cohomological 
Mackey functors. 
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